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Geometry.  

Corollaries of the Inscribed Angle Theorem.  Euclids’ theorems. Power of a 

point to a circle. 

Euclids’ theorems (Proposition 35 of Book 3 of Euclid's Elements). 

Consider the following figures. Using the theorem on the angle inscribed into a 

circle and the similarity of the corresponding triangles, it is easy to prove the 

following Euclid theorems.  

i. If two chords, 𝐴𝐶 and 𝐵𝐷 intersect at a 
point 𝑃 inside the circle, then,  

|𝐴𝑃||𝑃𝐶|  =  |𝐵𝑃||𝑃𝐷| =  𝑅2 − 𝑑2,  

where 𝑅 is the radius of the circle and and d 

is the distance from point 𝑃 to the center of 

the circle, 𝑑 = |𝑃𝑂|. 

Proof. 𝛥𝐴𝑃𝐵 ~ 𝛥𝐷𝑃𝐶, so  
|𝐴𝑃|

|𝐵𝑃|
=

|𝑃𝐷|

|𝑃𝐶|
, or, 

|𝐴𝑃||𝑃𝐶|  =  |𝐵𝑃||𝑃𝐷| =  𝑅2 − 𝑑2. 

ii. If two chords, 𝐴𝐷 and 𝐵𝐶 intersect at a 
point 𝑃′ outside the circle, then, 

|𝑃’𝐴||𝑃’𝐷|  =  |𝑃’𝐵||𝑃’𝐶| = |𝑃𝑇|2 =  𝑑2 − 𝑅2,  

where |𝑃𝑇| is a segment tangent to the circle.   

Proof. 𝛥𝑃′𝐵𝐷 ~ 𝛥𝑃′𝐴𝐶, so  
|𝑃′𝐴|

|𝑃′𝐵|
=

|𝑃′𝐷|

|𝑃′𝐶|
, or, |𝑃′𝐴||𝑃′𝐷|  =  |𝑃′𝐵||𝑃′𝐶|. 

For any circle of radius 𝑅 and any point 𝑃 distant 𝑑 from the center, the 

quantity 𝑑2 − 𝑅2 is called the power of 𝑃 with respect to the circle.  
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Application of the Euclid’s theorems: Euler’s formula.  

Using the above theorem, the following formula for the 

distance between the incenter and the circumcenter of 

a triangle can be established.  

Let 𝑂 and 𝐿 be the circumcenter and the incenter 

(that is, center of the circumscribed and the 

inscribed circle), respectively, of a triangle 𝐴𝐵𝐶, 

with circumradius 𝑅 and inradius 𝑟. Then, the 

distance |𝑂𝐿|  =  𝑑 is given by,  

𝑑2  =  𝑅2  −  2𝑅𝑟. 

Indeed, consider the figure, where the chord 𝐴𝐴′ passes through the incenter 

𝐿, and the chord 𝐴′𝑀 is the diameter of the circumcircle, passing through its 

center 𝑂. Triangle 𝐴′𝑀𝐵 is the right triangle by the inscribed angle theorem, 

and by the same theorem ∠𝐵𝐴𝐴′ = ∠𝐵𝑀𝐴′. Hence, 𝛥𝐴′𝐵𝑀 is similar to the 

triangle with the hypotenuse 𝐴𝐿 whose leg is the radius of the inscribed circle 

(cf. Figure), so  

|𝐴′𝑀|: |𝐴′𝐵| = |𝐴𝐿|: 𝑟. 

Note that triangle 𝐵𝐴′𝐿 is isosceles, and therefore |𝐴′𝐵| = |𝐴′𝐿|. This is 

because ∠𝐴′𝐿𝐵 =  ∠𝐴𝐵𝐿 + ∠𝐵𝐴𝐿 as an external angle of 𝛥𝐴𝐵𝐿, while ∠𝐴′𝐵𝐿 =

 ∠𝐴′𝐵𝐶 + ∠𝐶𝐵𝐿 = ∠𝐴′𝐴𝐶 + ∠𝐶𝐵𝐿 by the inscribed angle theorem, and 

∠𝐵𝐴𝐿 = ∠𝐴′𝐴𝐶 and ∠𝐴𝐵𝐿 = ∠𝐶𝐵𝐿 since 𝐴𝐿 and 𝐵𝐿 are bisectors of ∠𝐵𝐴𝐶 

and ∠𝐶𝐵𝐴, respectively (because 𝐿 is the incenter).   

Substituting |𝐴′𝐵| = |𝐴′𝐿| and |𝐴′𝑀| = 2𝑅 in the above and using the Euclid 

theorem, |𝐴𝐿||𝐴′𝐿| = 𝑅2 − 𝑑2, we obtain,  

|𝐴𝐿||𝐴′𝐵| = |𝐴𝐿||𝐴′𝐿| = 𝑅2 − 𝑑2 = 2𝑅𝑟, 

which proves the above Euler’s formula.  
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Properties of inscribed quadrilaterals. Ptolemy’s theorem.  

Consider the quadrilateral 𝐴𝐵𝐶𝐷 inscribed into a circle. It is 

clear from the theorem on the inscribed angle that 

the opposite angles of 𝐴𝐵𝐶𝐷 are supplementary (i. 

e. add to 180 degrees),  

𝐴̂ + 𝐶̂ = 𝐵̂ + 𝐷̂ = 𝜋 

Theorem. A quadrilateral can be inscribed in a circle if 

and only if its opposite angles are supplementary.  

Now consider angles 𝛼, 𝛽, 𝛾, 𝛿, between the sides and the diagonals. The angle 

between the diagonals, 𝜑 = 𝛼 + 𝛾 = 𝜋 − (𝛽 + 𝛿).  

Theorem (Ptolemy). A quadrilateral can be inscribed in a circle if and only if 

the product f its diagonals equals the sum of the products of its opposite sides,  

𝑑1𝑑2  =  𝑎𝑐 + 𝑏𝑑         (1) 

Proof of the necessary condition of Ptolemey’s theorem, i.e. of Eq. (1) for an 

inscribed quadrilateral.  

Geometrical proof employs an elegant 

supplementary construct. Inventing such an 

additional geometrical element is one of the key, 

most important and powerful methods of 

geometrical proof.  

Draw segment 𝐶𝐸, whose endpoint, 𝐸, belongs to the 

diagonal BD, and which is at an angle 𝛾 = 𝐴𝐶𝐵̂ to the side 

𝐶𝐷. Thus obtained 𝛥𝐷𝐸𝐶 ~ 𝛥𝐴𝐵𝐶. Therefore, 
|𝐴𝐶|

𝑐
=

𝑎

|𝐸𝐷|
.  

Furthermore, 𝐵𝐶𝐸̂ = 𝐴𝐶𝐷̂ = 𝛽 and therefore 𝛥𝐵𝐶𝐸 ~ 𝛥𝐴𝐶𝐷, so 
|𝐴𝐶|

𝑑
=

𝑏

|𝐵𝐸|
. 

Adding thus obtained equalities, we get  



𝑎𝑐 + 𝑏𝑑 =  |𝐴𝐶||𝐸𝐷|  + |𝐴𝐶||𝐵𝐸|  =  𝑑1𝑑2.  

The sufficiency of this condition can be easily proven by contradiction.  


