April 12,2026 Math 9

Geometry. Trigonometry.

Trigonometric formulas and equations.

Using the formulas for the sine and cosine of the sum/difference of two angles,
which we have previously derived,

sin(a + ) = sina cos 8 + cosa sinf8
cos(a £ B) = cosa cosfB + sinasinf
It is easy to obtain all other trigonometric formulae.

Exercise. Derive the following expressions for the products of sine and cosine,

sinasinf = %[cos(oc — B) —cos(a + B)]
cosacosf = %[cos(oc —B) + cos(a + B)]
sina cosff = %[sin(oc — B) + sin(a + B)]

Solution. These expressions are obtained by adding and subtracting the above
expressions for sin(a + 8), cos(a + ). For example,

sin(a + B) + sin(a — ) = 2 sin a cos f3, etc.

Exercise. Derive the following expressions for sums and differences of sine
and cosine,

1 1 T
sina+sin[3=25in[§(a+ﬁ)]cos E(a—ﬁ)
1 ] 1 ]
sina — sin f = 2 cos E(CH_’B) sin E(a—,b’)

_ 1 T 1
cosa + cos S = 2 cos 5 (a+ ,8)_ cos [E (a — ,8)]



cosa — cos 3 = —2sin E (a+ ﬁ)] sin B (a — ,8)]

Solution. The above expressions are obtained by representing « and f as, a =
%(a +B)+ % (a—pB),a= %(a +B) — %(a — ), and using the previously

obtained expressions for sin(a + ), cos(a * B).

Exercise. Derive the following expressions,

sin(a + B)

tana £ tanf =

cos(a) cos(p)

_ sin(a+pB)
cota tcotf =+ sin(a) sin(B)

1 1
sina = 5(1 —cos2a) cos’a = E(l + cos 2a)

sin3a = 3sina — 4sin«a

1
sinda = Z(S sina — sin 3a)

. 1
sin— = \/5(1 —cosa)

cos3a = 4cos3a — 3 cosa

1
cos3a = ) (3 cosa + cos 3a)

a 1
cos- = \/5 (1+ cosa)

a 1—cosa 1—cosa sin a
tan— = = - =
2 1+ cosa sin«a 1+ cosa
a 14+cosa 1+ cosa sina
cot— = - = - —
2 1—sina sin«a 1—cosa
_ 2tana
sin2qg = ——
1+ tan? «
1 —tan?a
cos2q = ———
1+ tan? «
2tana
tan 2a =

1—tan?a



Trigonometric functions and relations.

Exercise. Fill in the table of the trigonometric functions of complementary
angles below.

a sin«a cosa tan a cota
g_ a sin (g-a)zcosa
Ssta
T—Q
T+ a
3
ET[ —Qa
3
ET[ +a
-
A Y-axis
P(x, y)
i A ~
y=sin 6| \1 6
\ X-axis
>



http://en.wikipedia.org/wiki/File:Trig_functions_on_unit_circle.PNG
http://en.wikipedia.org/wiki/File:Unit_circle_angles_color.svg
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http://upload.wikimedia.org/wikipedia/commons/7/71/Sine_cosine_one_period.svg
http://en.wikipedia.org/wiki/File:Periodic_sine.PNG
http://upload.wikimedia.org/wikipedia/commons/0/02/Sinus.svg

