March 29, 2026 Math 9

Geometry.

Trigonometry. Definition of sina and cosa (recap).

For any acute angle a, we can draw a right
triangle that includes this angle a. B

Definition. The sine of angle « is the ratio of the
length of the leg opposite to this angle to the ¢ a
length of the hypotenuse of the triangle.

sina = Fig. 1

Definition. The cosine of « is the ratio of the length of the leg adjacent to this
angle to the length of the hypotenuse of the triangle.

b
cosa =—
c

If « and f are complementary angles, then sina = cos 8, cosa = sinf8

If a and b are pair of numbers such that a? + b? = 1, then there exist an angle
a such thata = sina, b = cos a.

Definition. Tangent and cotangent of angle a are,

a sina b cosa 1
tana = - = cotg =—-=——= 1
b cosa a sina tana
Theorem. The values of the trigonometric functions of a

an acute angle depend only on the size of the angle itself,
and not on the particular right triangle containing the
angle. a

This theorem immediatly follows from the Thales theorem.
Exercises .

1. Show thatsin?a + cos?a =1



2. sina<1l,cosa<1lbutsina+ cosa=>1

3. Compute sin 45°, cos 45°, sin 30°, cos 30°, sin 60°, cos 60°.

4. Fill in the following table (first row can be filled with the help of the

triangle).
sina cosa tana cota
sin « a /1_a2 a Vi—az
Vi—e | T
cosa a
tan a a
cota a

Inverse trigonometric functions: arcsina , arccosa.

If we are given an angle, 30° for example, then we can find

1
sin(30°) = 5

Inversely, if we are given a value of the sine function, say, %, then the
challenge is to name the angle x, such that

sinx =
2

"The sine of what angle is equal to 127"

1

arcsin 5 =arcsin(sin(30°)) = 30°

X




Geometry of a triangle and trigonometry.

The Law of Sines.

Cc

. . a
csina =h; =asiny =>—=—
Ssina siny

Cc

csinf =h, =bsiny = =
'8 2 14 sin 8 siny

The Law of Sines generalizes the fact that the
greater side lies opposite to the greater angle.

The Extended Law of Sines
sina = % = Siza = 2R
. b b
smﬁ’zﬁ = SinBzZR
sin)/=i — — =2R
2R siny

The Law of Sines states that for any triangle ABC,

a b c
—=——=—"=2R
sina sinf siny
Where R is the radius of the circumscribed circle. B
The Law of Cosines.
For any triangle ABC, . a
a’? = b% +c? —2bccosa
h

To prove it, we consider right triangles formed by Al A C
the height AM, M b

a’? = h®> +|MC|?* ,
|IMC|=b—|AM| =b — ccosa,
h? = c? — |AM|? = ¢? — c?(cos a)?,



a? =c? —c?(cosa)?+ (b —ccosa)? =
=c? — c?(cosa)? + b? — 2bccosa + c?(cosa)? = b? + ¢? — 2bccos a
Area of a triangle.

Using the Law of Sines in a standard formula, or simply
considering the right triangle formed by an altitude
opposite to vertex A, one obtains,

1
SAABC = Ehb = EbCSina

Similarly, we also can get two more formulas:

1 1
Siapc = Eab siny = Ecasinﬁ

Using the Law of sines, we also have,

abc 5 . _ _
Siapc = R 2 R*sina sin f siny

where R is the radius of the circumscribed circle. We have also previously
shown that

a+b+c
AABC = Tr =Ssr

where r is the radius of the inscribed circle and s the semiperimeter. Finally,
the area of the triangle can also be derived from the lengths of the sides by the
Heron’s formula,

SaaBc = \/5(5 —a)(s—b)(s—c)



Trigonometry. Trigonometric formulae.

Exercise. Derive expressions for the sine and the cosine of the sum of two
angles (see Figure),

sin(a + f) = sina cos 8 + cosa sin 8

cos(a + ) = cosacosf — sinasin

Solution. Consider the circle of a unit AY
radius, |OB| = |0C| = 1, inthe
Figure. Then, |0B;| = cos(a + B),
|BB;| = sin(a + ), |0A;| = x4 =
cosa, |AA{| = y, = sina, etc.

Consequently, sin(a + ) = |BB;| =
|CC,| + |BC| cos CBB; = |0C|sina + o+
|BC| cosa = sina cos § + cos a sin 3. O
Similarly, cos(a + 8) = |0B,| =
|0C,| — |B,Cy| = |0C| cosa —
|BC|sin @ = cos a cos f — sina sin f.

Exercise. Derive the addition
formulas for sine and cosine using the figure of the triangle with an altitude
drawn on the right.

Solution.

1. Consider the area of the triangle ABC,
Sapc = %ac sin ABC = %ac sin(a + )

On the other hand,

Sapc = SABHb + SBCHb

1 1
=§|AHb||BHb|+§|CHb||BHb| A

1
= 5 (cIBHy | sin @ + a|BHy| sin §)

where |BHp| = c cos @ = a cos 8. Substituting this and combining the above
equalities, we obtain % acsin(a + ) = %ac(sin a cos f + cosasin ).



2. Now let us apply the cosines theorem to the triangle ABC,

2 2 2 a?+c?-p?
b = a* + c¢* — 2accos(a + B), cos(a + B) =—

(csina + asinB)? = ¢?sin? a + a? sin? B + 2ac sin a sin B. Combining the
two expressions, we obtain,

a?(1 —sin? B) + ¢?(1 — sin? @) — 2ac sin a sin B

_where b? =

cos(a + =
(a+B) S ac
acosZ,B_I_ccosZa _ np
= — sina sin
2c 2a
By using |BH,| = ccosa = acosf ,% = (C;zz;' we obtain,

cos(a + B) = cosacos B —sinasinf

Exercise. Using the expression for the cosine of the sum of two angles derived
above derive the expressions for the sine of the sum of two angles.

Solution. Using the formula for the sine and cosine of the supplementary

. s Vs . .
angle, sin (a + E) = cos a, COos (a + E) = —sin @, and the above expression for
cos(a + ) for we obtain,

sin(a + ) = —cos(a+,8+g) = —(cosacos(ﬁ—kg)—sinasin(ﬂ+g))

= —cosa-(—sinf) +sinacosf =sinacosf + cosasinf

Exercise. Using the expressions for the sine and the cosine of the sum of two
angles derived above, derive expressions for;

sin 2«
cos2a

sin 3«

cos 3a
tan(a £ f)
cot(a £ B)
tan(2a)
cot(2a)
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