MATH 8
ASSIGNMENT 13: EUCLIDEAN GEOMETRY 2: TRIANGLES.
JAN 11, 2026

1. FIRST AXIOMS

Axiom 1. For any two distinct points A, B, there is exactly one line to which both these points belong.
—

(This line is usually denoted AB). In other words, two distinct points are sufficient (and necessary) to

specify a line.

Axiom 2. If distinct points A, B, C are on the same line, exactly one is between the other two; if point
B is between A and C, then AC = AB + BC.

Axiom 3. If point B is inside angle Z/ AOC, then
m/AOC = m/ZAOB + m/BOC. Also, the
measure of a straight angle is equal to 180°.

Axiom 4. Let line [ intersect lines m,n and angles
/1, /2 are as shown in the figure below (in this
situation, such a pair of angles is called alternate

interior angles). Then m || n if and only if m/1 =
mZ2.

C !

In addition, we will assume that given a line / and a point A on it, for any positive real number
d, there are exactly two points on [ at distance d from A, on opposite sides of A, and similarly for
angles: given a ray and angle measure, there are exactly two angles with that measure having that
ray as one of the sides.

2. FIRST THEOREMS
Theorem 1. If distinct lines [, m intersect, then they intersect at exactly one point.

Theorem 2. Given a line | and point P not on I, there exists a unique line m through P which is
parallel to .

Theorem 3. If [ || mand m || n, thenl || n

Theorem 4. Let A be the intersection point of lines I, m, and let angles 1,3 be vertical angles. Then
mZl =mZ3.

Theorem 5. Let [, m be intersecting lines such that one of the four angles formed by their intersection
is equal to 90°. Then the three other angles are also equal to 90°. (In this case, we say that lines [, m
are perpendicular and write I L m.)

Theorem 6. Let [y, [y be perpendicular to m. Then l; || lo.
Conversely, if l; L. mand Iy || 13, then ly L m.

Theorem 7. Given a line | and a point P not on [, there exists a unique line m through P which is
perpendicular to .

Theorem 8. Sum of angles of a triangle is equal to 180°.



3. CONGRUENCE

Informally, two figures are congruent if they have “the same shape”, or if one can be obtained
from the other by “rigid motion” of the plane. Exact meaning of “same shape” depends on what
kind of figures these are. To begin, we define congruence of angles and congruence of line segments
(note that an angle cannot be congruent to a line segment; the objects have to be the same type).

e If two angles ZABC and ZA’'B’'C’ have equal measure, then they are congruent angles,
written ZABC = /A'B'C".

e If the distance between points A, B is the same as the distance between points A’, B’, then
the line segments AB and A’B’ are congruent line segments: AB = A'B’,

e If two triangles AABC, AA’B'C’ have respective sides and angles congruent, then they are
congruent triangles: AABC = AA'B'C’. In other words, triangles are congruent if and
only if we have |AB| = |A'B’|, |BC| = |B'C’|, |CA| = |C'A'|, ZA = LA, /B =~ /B, and
0=/0".

Note that congruence of triangles is sensitive to which vertices of one triangle correspond to which
vertices of the other. Thus, AABC = ADEF and AABC = AEF D are different statements (e.g.
in one case, |AB| = |DE|, and in the other, |AB| = |EF).

4. CONGRUENCE AXIOMS

Axiom 5 (SAS Congruence). If triangles AABC and AA'B'C’ have two congruent sides and a con-
gruent angle between these sides, then the triangles are congruent: if AB = A’B/, BC = B'C', and
/ABC = /A'B'C’, then NABC = NA'B'C".

From this axiom, one can derive more congruence rules for triangles: the ASA and SSS rules.
However, deriving them is rather long and boring, so instead we will take them as axioms and
continue.

Axiom 6 (ASA Congruence). If two triangles have two congruent angles and a congruent side between
these angles, then the triangles are congruent.

Axiom 7 (SSS Congruence). If two triangles have three sides congruent, then the triangles are con-
gruent.

5. ISOSCELES TRIANGLES

A triangle is isosceles if two of its sides have equal length. The two sides of equal length are called
legs; the point where the two legs meet is called the apex of the triangle; the other two angles are
called the base angles of the triangle; and the third side is called the base.

While an isosceles triangle is defined to be one with two sides of equal length, the next theorem
tells us that is equivalent to having two angles of equal measure.

Theorem 9 (Base angles equal). If AABC is isosceles, with base AC, then m/A = m/C.
Conversely, if NABC has m/A = mZC, then it is isosceles, with base AC.

Proof. Assume that AABC is isoceles, with apex B. Then by SAS, we have AABC = ACBA.
Therefore, m/A = m/ZC.
The proof of the converse statement is left to you as a homework exercise. O

In any triangle, there are three special lines from each vertex. In AABC, the altitude from A is
perpendicular to BC (it exists and is unique by Theorem 7); the median from A bisects BC' (that
is, it crosses BC' at a point D which is the midpoint of BC); and the angle bisector bisects £ A (that
is, if F is the point where the angle bisector meets BC, then m/BAE = m/EAC).



For general triangle, all three lines are different. However, it turns out that in an isosceles
triangle, they coincide.

Theorem 10. If B is the apex of the isosceles triangle ABC, and BM is
the median, then BM is also the altitude, and is also the angle bisector,
from B.

Proof. Consider triangles AABM and ACBM. Then AB = CB
(by definition of isosceles triangle), AM = CM (by definition of
midpoint), and side BM is the same in both triangles. Thus, by SAS
axiom, ANABM = ACBM. Therefore, m/ABM = m/CBM, so
BM is the angle bisector.

Also, m/AMB = m/ZCMB. On the other hand, mZAMB +
m/CMB = m/AMC = 180°. Thus, m/AMB = m/CMB = 4 M ¢
180 /2 =90". O

6. TRIANGLE INEQUALITIES

In this section, we use previous results about triangles to prove two important inequalities which
hold for any triangle.

We already know that if two sides of a triangle are equal, then the angles opposite to these sides
are also equal. The next theorem extends this result: in a triangle, if one angle is bigger than
another, the side opposite the bigger angle must be longer than the one opposite the smaller angle.

Theorem 11. In AABC, if mZA > mZC, then we must have BC > AB.

Proof. Assume not. Then either BC' = AB or BC < AB.
But if BC = AB, then AABC is isosceles, so by Theorem 9,

mZA = mZC as base angles, which gives a contradiction. B
Now assume BC < AB, find the point M on AB so that BM =

BC, and draw the line M C. Then AM BC is isosceles, with apex

at B. Hence m/BMC = m/MCB (these two angles are denoted

by z in the figure.) On one hand, mZC > =z (this easily follows

from Angle Measurement Axiom). On the other hand, since z is an

external angle of AAMC, we have x > m/A (since x = /ZMCA +

LMAC > £ZMAC). These two inequalities imply mZC > mZA, x x
. . . M C

which contradicts what we started with. V/
Thus, assumptions BC = AB or BC < AB both lead to a contra- A

diction.

0

The converse of the previous theorem is also true: opposite a longer side, there must be a larger
angle.The proof is left as an exercise.

Theorem 12. In AABC, if BC' > AB, then we must have mZA > m/C.

The following theorem doesn’t quite say that a straight line is the shortest distance between two
points, but it says something along these lines. This result is used throughout much of mathematics,
and is referred to as “the triangle inequality”.



Theorem 13 (The triangle inequality). In AABC, we have AB+ BC > AC. A

Proof. Extend the line AB past B to the point D so that BD = B(C, and join

the points C' and D with a line so as to form the triangle ADC. Observe

that ABCD is isosceles, with apex at B; hence m/BDC = m/BCD. It B

is immediate that mZDCB < mZDC A. Looking at AADC, it follows that C
mZD < mZC; by Theorem this implies AD > AC. Our result now

follows from AD = AB + BD (Axiom 2) O D

HOMEWORK

1. Notice that SSA and AAA are not listed as congruence rules.
(a) Describe a pair of triangles that have two congruent sides and one congruent angle but
are not congruent triangles.
(b) Describe a pair of triangles that have three congruent angles but are not congruent
triangles.

2. Prove that the following two properties of a triangle are equivalent:
(a) All sides have the same length.
(b) All angles are 60°.
A triangle satisfying these properties is called equilateral.

3. (Slant lines and perpendiculars) Let P be a point not on line /, and let @) € [ be such that
PQ 1 I. Prove that then, for any other point R on line [, we have PR > PQ, i.e. the
perpendicular is the shortest distance from a point to a line.

Note: you can not use the Pythagorean theorem for this, as we haven’t yet proved it! Instead,
use Theorem

4. Prove Theorem

5. (Perpendicular bisector) Let AB be a line segment. The perpendicular bisector L of AB is the
line that passes through the midpoint M of AB and is perpendicular to AB.
(a) Prove that for any point P on L, triangles AAPM and ABPM are congruent. Deduce
from this that AP = BP.
(b) Conversely, let P be a point on the plane such that AP = BP. Prove that then P must
be on L.
Taken together, these two statements say that a point P is equidistant from A, B if and
only if it lies on the perpendicular bisector L of segment AB. Another way to say it is that
the locus of all the points equidistant from A, B is the perpendicular bisector of AB.

6. Show that for any triangle AABC, the perpendicular bisectors of the three sides intersect
at a single point, and this point is equidistant from all three vertices of the triangle. [Hint:
consider the point where two of the bisectors intersect. Prove that this point is equidistant
from all three vertices.]

Note: the intersection point can be outside the triangle.

7. (Angle bisector). Define a distance from a point P to line [ as the length of the perpendicular
from P to [ (compare with problem 3).



H
Let OM be the angle bisector of ZAOB, i.e. ZAOM =
/MOB.

—).
(a) Let P be any point on OM, and PQ, PR -
—  —

perpendiculars from P to sides OA, OB re-
spectively. Use ASA axiom to prove that tri-
angles AOPR, AOPQ are congruent, and de-

—

duce from this that distances from P to OA,
—
OB are equal.
(b) Prove that conversely, if P is a point inside an-
gle ZAOB, and distances from P to the two
sides of the angle are equal, then P must lie on o)
_>
the angle bisector OM Q A

These two statements show that the locus of points equidistant from the two sides of an
angle is the angle bisector

M

. Prove that in any triangle, the three angle bisectors intersect at a single point (compare with
the similar fact about perpendicular bisectors)

. Prove the RHS congruence rule: If AABC and AA’B’'C’ are two right-angled triangles, with

m/B = m/B’" = 90° (R for right angle), AC = A’C’ (H for hypotenuse), and AB = A’'B’

(S for side), then show that the two triangles are congruent. (Hint: make a triangle ABD

on the opposide side of AB as AABC, congruent to AA’B'C’ (for example, by making the
—

ray AD with m/DAB = m/C' A’ B’ and measuring out AD = A’C’. Then show that DBC
is a straight line, and proceed to show the triangles ABC' and ABD are congruent.
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