Homework 13: Sketching quadratic functions and Inequalities

This homework has two parts: sketching quadratic functions and solving inequalities (both linear and quadratic).

1. Converting quadratic function from standard to vertex form [ The following technique is useful to plot
quadratic function which will help you to solve both equalities and inequalities. | taught you this last
week.]

We know how to draw the graph of y = x2. It’s a parabola.

e We know that the graph of y = x? + 2 can be obtained from the graph of y = x? by shifting up by +2 units (or
down, ify = x2 — 2)
 We know that the graph of y = (x + 5)? can be obtained from the graph of y = x?2 by shifting left by 5 units (or
right,ify = (x — 5)?).
* Based on the two facts above, we can draw a graph of any function of the type y = (x — h)? + k. The values
(h, k) are the coordinates of the vertex of the parabola.

In general. we can transform any quadratic function y = ax? + bx + ¢ to y = a(x — h)? + k.

This is called transforming from standard into vertex form. The coefficient a has the same value in both forms. Note

that, if b = 0, then your equation in standard form is already in a vertex form with vertex coordinates (0, k = c).

We will use two ways to convert a quadratic function from standard into vertex form:
e Method 1: completing the square. We have learned how to do this using the formulas for fast multiplication.

Example: y = 2x* + 4x —2=2[x*+2x—1] = 2| +2.x1+ 1" - 1° - 1] =2[(@x+ )2 - 1-1] =
2[x+ 1% =2] =2(x+ 12— 4.
b

e Method 2: find the vertex. Determine the coefficients a, b, c. Find the vertex x-coordinate x,, = h = — 2a

Then, substitute x,, in the equation you are converting and solve fory, y = ax,? + bx,, + c. The found
value is the vertex y-coordinate, y,, = k. Write the equation in a vertex form y = a(x — h)? + k.
Example: y =2x* +4x — 2, a=2b=4c= -2

Vertex x-coordinate: x,, = h = — zb—a = —% =-1

Vertex y-coordinate: y, = 2x,> + 4x, —2 = 2(—1)2 +4(-1) —2=2—-4-2=—-4, k=-4

New function:to y=a(x —h)? +k = 2(x +1)*> — 4

2. Linear inequalities

Linear inequalities are similar to linear equations: they have terms with x and numbers only. When solving linear
inequalities we use the same techniques as those used for solving linear equations. The important exception to this is
that when multiplying or dividing by a negative number, you must reverse the direction of the inequality.

Examplel.x + 2 < 5

Solution: Subtracting 2 from both sides, we get x < 3. Therefore, any value of x less than or equal to 3 would make
this inequality true. We can write this solution using interval notation: (— <9, 3].

Notice, that square bracket represents that the ends of intervals that are included. If we don’t want to include the end of

the interval, we would use round parentheses.

3. Product of two expressions. Quadratic inequalities
If we have an inequality that involves a product of two expressions compared to 0, we should consider several cases:
e Iftheinequalityis f(x) - g(x) > 0, where f(x) and g(x) are some expressions involving x, then there are

two cases:
1) both f(x) > Oandg(x) > 0 ,or 2) both f(x) < 0Oandg(x) < 0.
o Iftheinequality if f(x) - g(x) < 0, where f(x) and g(x) are some expressions involving x, then there are
two cases:
1) f(x) < 0andg(x) > 0 ,or 2)f(x) > 0andg(x) < 0.



Example2. (x — 1)(x + 2) = 0.
Solution: A product of two expressions is positive in two cases: 1) when both expressions are positive; or when 2) both
expressions are negative. Let us consider them separately:

Casel: x — 1 < 0and x + 2 < 0. This comes down to two inequalities: x < 1; x < —2. For both of

them to be true, x should be less than —2 on the number line : x < —2, or (— 29, —2] in interval notation.

Case2:x — 1 = 0Oand x + 2 = 0. This comes down to two inequalities: x = 1; x = —2. For both of them
to be true, x should be above 1 on the number line: x = 1, or [1, ©) in interval notation.
The final solution is the combined solution of Case 1 OR Case 2: x < —2 orx = 1. We can use a union of intervals to

write the solution: (— 20, —2] U [1, ).

4. Rational Inequalities
A similar approach that we discussed in the previous section works for fractions of two expressions involving x.
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Example 3. —
2x—
Solution: Notice that we can’t multiply both parts by 2x — 10, since we don’t know whether the expression it’s positive
or negative — multiplication by a negative expression would change the sign, so we should be careful. We will use a
different method. A fraction is negative in two cases: 1) when the numerator is positive, and the denominator is
negative; 2) when the numerator is negative, and the denominator is positive. Let us consider them separately:
Casel:x — 4 = 0;and 2x — 10 < 0. This comes down to two inequalities: x = 4; x < 5. For both of
them to be true, x should be between4and 5:4 < x < 5.
Case2:x — 4 < 0;and 2x — 10 > 0. This comes down to two inequalities x < 4;x > 5. Both of them
cannot be true simultaneously, so this case is impossible.
The final solutionis 4 < x < 5,0r [4,5).

Example 4. 2l = 3.
x+3

Solution: Notice that as before, we can’t multiply both parts by x + 3, since we don’t know whether it’s positive or
negative — multiplication by a negative expression would change the sign, so we should be careful. Therefore, we will
subtract 3 from both sides:

2x—1
>
x+3
2x—1
x4+ 3
(2x—1)—3(x+3)20
x+3

—x —10
x+3

320

=0

Now, a fraction is positive in two cases: 1) numerator is positive, denominator is positive; 2) numerator is negative,
denominator is negative. Let us consider them separately:
Casel: —x — 10 = 0;and x4+ 3 > 0. This comes down to two inequalities: x < —10; x > —3. Both of
them cannot be true simultaneously, so this case is impossible.
Case2: —x — 10 < 0;andx + 3 < 0. This comes down to two inequalities x = —10; x < —3. For both of
them to be true, x should be between —10 and —3: this is writtenas —10 < x < —3,or [—-10,=3).
The final solutionis =10 < x < =3, 0or [-10,-3).

5. Inequalities with parameter

Sometimes you will have to solve inequalities depending on the value of a parameter a. Make sure to consider various
cases when dividing/multiplying by a or any expression involving a, since it could be positive or negative!

Example 5. Solve the following inequality depending on the value of a: ax — 5 < 0.



Solution: This inequality is equivalent to ax < 5. Now, we have three cases:
Case 1: If a = 0, then any value of x satisfies the equation.
Case 2:If a > 0, then the solutionis x < 5/a.
Case 3:If a < 0, then the solutionis x > 5/a, since dividing by negative a changes the sign of the inequality.

Example 6. Solve the following inequality depending on the value of a: x? > a.
Solution: We will consider two cases:a < 0Oanda > O0:
Case 1:If a < 0, then any value of x satisfies the equation.
Case2:1fa > 0,thenwegetx >+/aorx < —/a,orwritten as intervals (— 20, —va) U (Va, )

Homework problems

1. Convert the quadratic functions into vertex form using finding the vertex method and sketch the function.
a. y=x>+4+2x-3
b. y=x?+2x+3
C. y=—-x*+6x—9
d y=3x2+x-1

2. Solve the following linear inequalities:
a. 4x + 6 < 2x + 14
b. —=2(x + 3) < 10
c. —2(x+2)>4-—x

3. Solve the following rational inequalities:
1+3x x+1 3x+l

>0 b. —<0

C. =
x—2 x—5 x+4

d.

4. Find all values of a so that the following equation has a positive solution. [Hint: Express (solve for) x in
terms of a, and then find the values of a so that the resulting expression is positive]

4 2
-
5. Solve the following inequalities:
a. x2<81 c. Vx<7
b. x?>100 d Vx+10<2

6. Depending on the value of a, solve the following inequality: (a — 2)x > a? — 4.

7. Depending on the value of a, solve the following inequality: Vx > a.



