Classwork 24. SChOOl

Completing the full square. nova.

Polynomial of a second degree can be represented as

ax®+bx +c
where a, b and ¢ are numbers (can be positive or negative), and x is a variable.
We already know that the square of the sum:

(m +n)? = m? + 2mn + n?

The formula for polynomial of the second degree looks similar to the sum of the square.
First, let’s to factor out a from first two terms of expression. By doing this we will not change

the value of the expression.
, b
a- (x + —x) +c
a
For the next step we will rewrite the expression as
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Here I added and subtracted the square of the half of the Z. Now the first three terms of the

polynomial look like a square of the sum:
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Let study the quadratic function.

And finally

Plot functions:

a. f(x) =x? y = 5x2; g(x) = 0.5x2; y = —2x%
b. f(x) = x* +5; y = 5x? — 5; g(x) = —0.5x% + 5;

c. f(x)=(x+2)?% y = (5x — 2)%; g(x) = (-0.5x — 5)%

Quadratic equation.

Solve the equation:
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x? = 25, y? =7 x?>—16 = 0; x> +4x+4=0

First two equations seem to be easy, we have to find a number, which square is 25 (these
numbers are 5 and —5) and 7 (solutions are v/7 and —/7). The third equation can be modified to
equivalent one x? = 16, or we can factorize it:

x2—16=x*—-42=(x-4)(x+4)=0
This equation will be equal to 0 when either of the factors is 0.
x—4=0 x+4=0, x=+4
The third equation also can be factorizing:
X2 4+4x+4=x>+2-2x+22=(x+22=x+2)(x+2)=0
We used the identity (a + b)? = a? + 2ab + b?; but we can just use the distributive property:
X2+ a4x+4=x2+2x+2x+4=x(x+2)+2(x+2) = (x+2)(x+ 2)
This equation has only one root, x = —2.

This procedure is called completing the full square. Let’s see how it works for more complicated
equations, for example x? + 6x + 8 = 0

x2+6x+8=x2+23x+8=x2+23x+9-94+8=(x+3)2—-1=(x+3)%—12
=(x+3+Dx+3-1D)=x+4)(x+2)=0

We used the identity a®? — b? = (a — b)(a + b). But ale we can factorize the polynomial
directly:

x2+6x+8=x2+2x+4x+8=x(x+2)+4(x+2)=(x+2)(x+4)=0
The equation is equal to 0, if any of the factors is 0, so the roots are —4, and —2.

Let’s try to solve another equation:

5 , 8 30 5 4 30 5
2x*+8x+30=0, = x +Ex+7=0; =X +2-§x+7=x +2:2-x+15

=x2+2-2x+4-4+15=(x+2)>+15=0
Does this equation have any roots?

Another equation:

1
3x2+2x —30=0; x2+2-§-x—10=0;
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Can we complete square in general form and find the general form of the root of quadratic
equation?

Polynomial of the second order can be written generally as:
ax®+bx +c

a, b, ¢ are real numbers and x is a variable.

First, let’s move the common factor (fist coefficient) out:

. a , b c , b c
ax®+bx +c = a(—x +—x+—) =a(x +—x+—)
a a a a a
Do you remember the algebraic identity

(k+2)?=(k+2z)(k+2z)=k?+ 2kz+ 2>
The last expression is

Looks like k? + 2kz + z2.

b ¢ 1b b\> /b\* ¢
<x2+—x+—)= x2+2-——x+<—) _(_) +<
a a 2a 2a 2a a

(e g () -(@) -5
—\* 2ax 2a 2a a
We can further transform the expression:
sorgeen () ) () -8 = (rm) (@) %) -
x Zax 2a 2a al X 2a 2a al
Last part is actually another identity:

- =@+ ®-9:
Therefore, we can rewrite it as
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Polynomial of the second order can be factorized as

b Vb2—4ac><x b Vb2—4ac>

ax2+bx+c=a<x+—— —

_ < b Vb2 -— 4ac) (x b b2 — 4ac>

2a 2a 2a 2a
a, b, ¢ are numbers. Do you think any quadratic polynomial can be factorized?
Can we use this factorization process to find the way to solve a quadratic equation? Quadratic
polynomial is an expression in the form
P(x) =ax?+bx +c
P(x) means that the value of the expression depends of the value of x. What if we want to find
such x that the polynomial P(x) will have a certain value? For example, which x will bring the
polynomial (I will omit the word “quadratic” now, but we remember, that we are talking about
the quadratic polynomials) x? — 6x + 13 to 5. In other words, can we solve the equation:

x> —6x+13=5
First, let’s rewrite this equation as

x2—6x+13-5=0
x> —6x+8=0

Such equations we are going to call the quadratic equation.
We have just proved that

b Vb2—4ac><x b Vb2—4ac>

2 b = _— -
ax“ +bx +c a<x+2a 2 +2a+ 2a

Forany a, b, and c, a # 0. If a = 0, the polynomial P(x) is not quadratic.

+__ —_
x 2a 2a 2a 2a

Can be equal to 0 only if either of the expressions inside of the parenthesis is equal to 0.
If

a< b Vb2—4ac><x b Vb2—4ac>

b Vb?%—4ac b Vb?%—4ac
x+———m--=0 x+—+——=0
2a 2a 2a 2a
B b Vb?%—4ac _—b+\/b2—4ac
1= 2a 2a N 2a

(b Vb2 —4ac> —b —Vb? — 4ac
Xy = —

2a + 2a 2a



We got two very similar expressions for our solutions:

—b +Vb? — 4ac —b —Vb? — 4ac
X, = and x, =
2a 2a
The expression b? — 4ac is called the discriminant, and denoted as D.
D = b? — 4ac

For each quadratic polynomial we can find D = b? — 4ac. D is under the radical sign ( v ) in
the expressions for the roots of quadratic equation, so D can’t be less than 0.

1. If D > 0, the equation has different roots
2. If D = 0, the second part of the expressions for x becomes 0, and both roots are the same,

- % , and polynomial is a full square,

, b b b\’
ax +bx+c=a(x+—)(x+—)=a<x+—)
2a 2a 2a

3. If D < 0, then the square root of a negative number can’t be a real number and the
equation doesn’t have any solution among the real numbers (but has solutions in a set of
complex numbers; complex numbers are outside of the scope of our class, you will learn
about them later.)

We can also rewrite the expression for factorization of the quadratic polynomial using the
discriminant:

P(x)=ax2+bx+c=a<x+—— +—+

b Vb2—4ac><x b Vb2—4ac>

2a 2a 2a 2a
( b—ﬁ)( b+\/5>
=a|x+ x +
2a 2a

Exercises:

1. Add a term to the binomial so that the resulting trinomial becomes a perfect square.

a. x* + 2x; b. a® + 4ab; c. m?*+1;
d. 9+ 6l; e. 10y + 25; f.16x?% + 8xy;
2. Complete the full squares:
a. a’+2x +2; b. x?> —2x + 3; c. m?—2m—1;
d. 4+ 2q + q% e. x2+6x+1; f. a? —4a ¥F 1;

g. m?> —6m+9; h. 16 — 8p + p?; i. a? = 2a;



