
 Classwork 14.  

Irrational numbers 

Rational number is a number which can be represented as a ratio of two integers: 

𝑎 =
𝑝

𝑞
;         𝑝 ∈ 𝑍, 𝑎𝑛𝑑 𝑞 ∈ 𝑁, (𝑍 = {± ⋯ , ±1, 0}, 𝑁 = {1, 2, … }) 

Rational numbers can be represented as infinite periodical decimals (in the case of denominators 

containing only powers of 2 and 5 the periodical bloc of such decimal is 0). 

Numbers, which can’t be express as a ratio (fraction) 
𝑝

𝑞
 for any integers p and q are irrational 

numbers. Their decimal expansion is not finite, and not periodical.  

Examples: 

0.01001000100001000001… 

0.123456789101112131415161718192021… 

What side the square with the area of a m2 does have? To solve this problem, we have to find the 

number, which gives us a as its square. In other words, we have to solve the equation  

𝑥2 = 𝑎 

This equation can be solved (has a real number solution) only if 𝑎 is nonnegative ((𝑎 ≥ 0) 

number. It can be seen very easily; 

If  𝑥 = 0,    𝑥 ∙ 𝑥 = 𝑥2 = 𝑎 = 0,   

If 𝑥 > 0,     𝑥 ∙ 𝑥 = 𝑥2 = 𝑎 > 0, 

If 𝑥 < 0,     𝑥 ∙ 𝑥 = 𝑥2 = 𝑎 > 0, 

We can see that the square of any real number is a nonnegative number, or there is no such real 

number that has negative square.  

 

There are only 2 square roots from any positive number, they are equal by absolute value, but 

have opposite signs. The square root from 0 is 0, there is no any real square root from negative 

real number.  

Examples: 

1. Find square roots of 16: 4 and (−4),  42 = (−4)2 = 16 

Square root of a (real nonnegative) number a is a number, square of which is equal to a. 



2. Numbers 
1

7
 and (−

1

7
) are square roots of 

1

49
, because 

1

7
∙

1

7
= (−

1

7
) ∙ (−

1

7
) =

1

49
 

3. Numbers 
5

3
 and (−

5

3
) are square roots of 

25

9
, because (

5

3
)

2

=
5

3
∙

5

3
= (−

5

3
)

2

= (−
5

3
) ∙

(−
5

3
) =

25

9
 

 

 

 

 

 

There is a special sign for the arithmetic square root of a number a: √𝑎. 

Examples; 

1. √25 = 5, it means that arithmetic square root of 25 is 5, as a nonnegative number, square 

of which is 25. Square roots of 25 are 5 and (−5), or ±√25 = ±5 

2. Square roots of 121 are 11 and (−11), or ±√121 = ±11 

3. Square roots of 2 are ±√2. 

4. A few more: 

√0 = 0;              √1 = 1;             √4 = 2;            √9 = 3;           √16 = 4; 

√25 = 5;           √
1

64
=

1

8
;           √

36

25
=

6

5
 

 

 

 

Pyphagorian theorem. 

 

4 identical right triangles are arranged as shown on 

the picture. He area of the big square is 𝑆 =

(𝑎 + 𝑏) ∙ (𝑎 + 𝑏) = (𝑎 + 𝑏)2, the are of the small 

square is 𝑠 = 𝑐2. The area of 4 triangles is 4 ∙
1

2
𝑎𝑏 = 2𝑎𝑏. But also cab be represented as 𝑆 − 𝑠 =

2𝑎𝑏 

2𝑎𝑏 = (𝑎 + 𝑏) ∙ (𝑎 + 𝑏) − 𝑐2

= 𝑎2 + 2𝑎𝑏 + 𝑏2 − 𝑐2 

                      𝑎2 + 𝑏2 = 𝑐2 

 

Area of a triangle 

Arithmetic (principal) square root of a (real nonnegative) number a is a nonnegative number, 

square of which is equal to a.  



The area of a triangle is equal to half of the product of its altitude and the base, corresponding to 

this altitude.  

For the acute triangle it is easy to see.  

𝑆𝑟𝑒𝑐 = ℎ ∙ 𝑎 = ℎ ∙ (𝑥 + 𝑦) = ℎ𝑥 + ℎ𝑦 

𝑆∆𝐴𝐵𝑋 =
1

2
ℎ ∙ 𝑥, 𝑆∆𝑋𝐵𝐶 =

1

2
ℎ ∙ 𝑦,        𝑆∆𝐴𝐵𝐶 = 𝑆∆𝐴𝐵𝑋 + 𝑆∆𝑋𝐵𝐶 

 

 

𝑆∆𝐴𝐵𝐶 =
1

2
ℎ ∙ 𝑥 +

1

2
ℎ ∙ 𝑦 =

1

2
ℎ(𝑥 + 𝑦) =

1

2
ℎ × 𝑎 

For an obtuse triangle it is not so obvious for the altitude drawn from 

the acute angle vertex. Can you come up with the idea how we can 

prove it for an obtuse triangle?  

Area of trapezoid? 

Exercises: 

 

1. Which part of the square is shaded?  

 

 

 

 

 

 

2. Prove that the value of the following expressions is a rational number. 

Example: 

 (√3 − 1)(√3 + 1) = √3 ∙ √3 + √3 ∙ 1 − 1 ∙ √3 − 1 = √3 ∙ √3 − 1 = (√3)
2

− 1 =

3 − 1 = 2 

𝑎.    (√2 − 1)(√2 + 1);                                     𝑏.  (√5 − √3)(√5 + √3) 

 

𝑑.    (√2 + 1)
2

+ (√2 − 1)
2

                            𝑑.  (√2 + 1)
2

+ (√2 − 1)
2

 

                           

 𝑒.  (√7 − 2)
2

+ 4√7 

 

 

3. Without using calculator compare:  



3 …  √11 11 …  √110 22 …  √484 

5 …  √20 17 …  √299 35 …  √1215 

 

 

4. For the right triangles below find the missing side: 

 

 

 

 

 

 

 

 

5. Compaire numbers: 

𝑎. −1. 7̅ 𝑎𝑛𝑑 
1

7
;                               𝑏. −

8

9
   𝑎𝑛𝑑 −

9

8
;                     𝑐.  0  𝑎𝑛𝑑 − 0. 1234̅̅ ̅̅ ̅̅ ̅; 

 

𝑑.  4. 5̅ 𝑎𝑛𝑑 − 5. 4̅;                           𝑒. −0. 3̅   𝑎𝑛𝑑 −
1

3
;                  𝑓. −

5

99
  𝑎𝑛𝑑 − 0. 04̅̅̅̅ ; 

 

𝑔. −
10

99
 𝑎𝑛𝑑 − 0. 1̅;                          ℎ.  

26

99
  𝑎𝑛𝑑  0.26;                  𝑖. −

25

99
  𝑎𝑛𝑑 − 0.25; 

 

 

6. Evaluate: 

𝑎.  
25(23)4

213
;                        𝑏.   

37 ∙ 27

(34)3
;                            𝑐.   

46 ∙ 310

610
;                        𝑑.

244 ∙ 63

483 ∙ 34;
  

3
 c

m
 

4 cm 

? 
3 cm 

6 cm 

? 


