
Math 4e. Class work 8.  

Improper fractions. 

 

Let’s try to solve the problem: 

How to divide 5 apples between 4 friends?  

5 is not divisible by 4, the result of this division can be represented as a division with remainder: 

5: 4 = 1𝑅1 

Each friend will get one whole apple and one apple will be left over. So, there is no answer for 

this problem among the naturel numbers. As a following step, we can divide the left-over apple 

into four equal parts and distribute them among four friends in addition to the whole apple.  

1: 4 =
1

4
 

Each friend will get exactly one apple and one quarter of an apple: 

1 +
1

4
= 1

1

4
 

1
1

4
 is a mixed number, it has a whole and a fractional part.  Fractional part is a fraction with 

numerator smaller than denominator. Such fractions, which a smaller then 1 are called proper 

fractions. They represent the part of a whole. But also, one apple is exactly four quarters of an 

apple and we can write: 

1
1

4
= 1 +

1

4
=

4

4
+

5

4
=

9

4
 

The same number 1
1

4
 is now represented as a single fraction, with numerator greater than 

denominator, 
9

4
. Sucha fractions are called improper fractions and they represent the whole (or 

several, or many wholes) and a part of a whole. In the case above, it’s one apple and one quarter.  

Example:  

Winni the pooch can eat nine pots with honey in five hours. Hoe many pots he is eats in one 

hour?  

9: 5 = 1𝑅4 = 1 + 4: 5 = 1 +
4

5
= 1

4

5
 

Let’s check our answer. To do this, 1
4

5
 should be multiplied by 5.  

 

5 ∙ (1 +
4

5
) = 5 ∙ 1 + 5 ∙

4

5
= 5 +

5 ∙ 4

5
= 5 + 4 = 9; 

 

 

 

 

 

 

Fraction is called proper fraction if its numerator is smaller than denominator.  

Fraction is called improper fraction if its numerator is greater than or equal to 

denominator. 



Any mixed number can be written as an improper fraction, as well as any improper fraction can 

be represented as a mixed number. 

Example:  

Represent as a (improper) fraction. The word improper can be omitted,  

3
4

5
= 3 +

4

5
= 3 ∙ 1 +

4

5
= 3 ∙

5

5
+

4

5
=

15 + 4

5
=

19

5
 

Represent as a mixed number: 

91

12
= 7𝑅7 = 7 +

7

12
= 7

7

12
 

 

Addition and subtraction of improper fractions: 

One way to do the arithmetic operation of addition (and subtraction) with mixed numbers is to 

transfer them into the improper fractions and then do the addition (subtraction). But it’s not 

always the easiest way. Sometimes, it’s easy not to transform the mixed number, but add 

separately whole parts and fractional parts. 

Example: 

3
2

5
+ 7

3

4
= 3 +

2

5
+ 7 +

3

4
= 10 +

2

5
+

3

4
= 10 +

8

20
+

15

20
= 10 +

8 + 15

20
= 10 +

23

20

= 10 +
20 + 3

20
= 10 +

20

20
+

3

20
= 10 + 1 +

3

20
= 11

3

20
 

Another way: 

3
2

5
+ 7

3

4
=

17

5
+

31

4
=

17 ∙ 4

20
+

31 ∙ 5

20
=

68

20
+

155

20
=

223

20
=

11 ∙ 20 + 3

20
= 11 +

3

20
= 11

3

20
; 

 

When one mixed number is subtracted from another mixed number, some difficulties can arise. 

It’s easy to do, if the fractional part of the first number is greater than the fractional part of the 

second number: 

5
8

9
− 3

2

5
= 5 +

8

9
− (3 +

2

5
) = 5 +

8

9
− 3 −

2

5
= 2 +

8

9
−

2

5
= 3 +

40

45
−

18

45
= 3 +

22

45
= 3

22

45
 

If the fractional part of the first number is smaller, a little trick can be used: 

5
2

5
− 3

8

9
= 5 +

2

5
− (3 +

8

9
) = 5 − 3 +

2

5
−

8

9
= 2 +

2

5
−

8

9
 

  
2

5
<

8

9
, so we can borrow 1 from 5 − 3 = 2,  

2 +
2

5
−

8

9
= 2 +

18

45
−

40

45
= 2 +

18

45
− (

18

45
+

22

45
) = 2 +

18

45
−

18

45
−

22

45
= 1 + 1 −

22

45

= 1 +
45

45
−

22

45
= 1 +

23

45
; 

 

 

 



Complex fractions. 

Complex fractions are formed by two fractional and/or numeral expressions, one on the top and 

the other one at the bottom of the complex fraction, for example: 

(2 + 3) ∙ 5

7 −
1
2

;           

1
2 +

1
3

7
9 −

2
5

 

We know that the fraction bar is a just another way to write the division sign, so, the above 

expressions are equivalent to 

(2 + 3) ∙ 5

7 −
1
2

= ((2 + 3) ∙ 5): (7 −
1

2
) ;        

1
2 +

1
3

2
3

+
1
4

= (
1

2
+

1

3
) : (

2

3
+

1

4
) 

It is easy to simplify a complex fraction: 

1
2 +

1
3

2
3 +

1
4

= (
1

2
+

1

3
) : (

2

3
+

1

4
) =

3
6 +

2
6

8
12 +

3
12

=

5
6

11
12

=
5

6
:
11

12
=

5

6
∙

12

11
=

5

1
∙

2

11
=

10

11
 

 

Now let’s simplify a little more sophisticated complex fraction: 

Example 1.  

1
2
3 + 2

4
9

4
26
27 − 2

2
9

= (1
2

3
+ 2

4

9
) : (4

26

27
− 2

2

9
) 

1
2

3
+ 2

4

9
= 1 +

2

3
+ 2 +

4

9
= 3 +

6

9
+

4

9
= 3 +

10

9
=

27

9
+

10

9
=

37

9
 

 

4
26

27
− 2

2

9
= 4 +

26

27
− 2 −

2

9
= 2 +

26

27
−

6

27
= 2 +

20

27
=

54

27
+

20

27
=

74

27
 

 

37

9
:
74

27
=

37

9
∙

27

74
=

37 ∙ 3 ∙ 9

9 ∙ 2 ∙ 37
=

3

2
= 1

1

2
 

Example 2: 

3
4
7 : (6

1
28 − 3

3
4)

(1
5
6 ∙ 1

5
22) : 18 ∙ 5

 

First, let’s find the value of the numerator:  



3
4

7
: (6

1

28
− 3

3

4
) =

25

7
: (5 + 1

1

28
− 3 −

3

4
) =

25

7
: (2 +

29

28
−

3

4
) ==

25

7
: (2 +

29

28
−

21

28
)

=
25

7
: (2

8

28
) =

25

7
:
64

28
=

25

7
∙

28

64
=

25 ∙ 4

64
=

25

16
 

 

The value of the denominator is  

 

(1
5

6
∙ 1

5

22
) : 18 ∙ 5 = (

11

6
∙

27

22
) ∙

1

18
∙ 5 =

11 ∙ 3 ∙ 9

2 ∙ 3 ∙ 11 ∙ 2
∙

1

2 ∙ 9
∙ 5 =

5

8
 

Finally: 

25
16
5
8

=
25

16
:
5

8
=

25

16
∙

8

5
=

5 ∙ 5 ∙ 8

2 ∙ 8 ∙ 5
=

5

2
= 2

1

2
 

In expressions where the fraction bar is used multiple times, the ′ = ′ symbol is placed at the bar 

representing the last division operation in order: 

 

3

3
7

= 3:
3

7
= 3 ∙

7

3
= 7;     

3
7
7

=
3

7
: 7 =

3

7
∙

1

7
=

3

14
 

 

Exercises: 

1. Write a mixed number as an improper fraction: 

𝑎.  1
1

2
, 5

1

3
, 3

2

5
, 2

3

4
, 4

2

3
,             1

2

7
;           

𝑏.  2
1

2
, 1

3

5
, 6

1

6
, 3

4

9
, 7

3

11
, 5

5

12
; 

 

2. Represent an improper fraction as a mixed number: 

𝑎.  
7

2
,              

5

3
,           

15

5
,          

9

7
,           

11

10
,         

21

14
;           

𝑏.  
122

11
,

55

20
,

73

30
,

44

3
,

34

11
,

99

98
; 

 

3. Evaluate: 

 

𝑎.    
3

8
+ 2

1

4
;                𝑏.   2

1

3
− 1

1

2
;                𝑐.  

1

4
+ 3

1

6
;                    𝑑.  4

1

5
− 2

3

10
; 

 

4. Write the expressions as fractions and evaluate: 



𝑎.   14: 42;            𝑏.   2: 3: 5;            𝑐.   2: 8 ∙ 3;          𝑑.   100 ∙ 6: 40;          𝑒.   5: 15 ∙ 3 

𝑓.   (21 ∙ 18): 14;       𝑔.   50: (16 ∙ 25);       ℎ.   (12 ∙ 15): 40;       𝑖.   (4 ∙ 24): (2 ∙ 8) 

5. Write the expressions as fractions and evaluate: 

Example: 

(3 ∙ 5 ∙ 5 ∙ 5 ∙ 7): (5 ∙ 7) =
3 ∙ 5 ∙ 5 ∙ 5 ∙ 7

5 ∙ 7
= 3 ∙ 5 ∙ 5 = 75 

 

𝑎.   (3 ∙ 3 ∙ 5 ∙ 11): (3 ∙ 11);            𝑏.   (2 ∙ 2 ∙ 3 ∙ 5 ∙ 7): (2 ∙ 3 ∙ 7);           

𝑐.   (2 ∙ 3 ∙ 7 ∙ 13): (3 ∙ 7);              𝑑.   (3 ∙ 5 ∙ 11 ∙ 17 ∙ 23(: (3 ∙ 11 ∙ 17);  

6. Evaluate: 

𝑎.  
5

2
3

;                         𝑏.  

5
2
3

;                     𝑐.  

3
4
9

16

;                       𝑑.  

5
17
15
34

;  

 

7. Evaluate: 

𝑎.
6

1 −
1
3

;               𝑏.  
1 −

1
6

2 +
1
6

;                  𝑐.  

1
2 +

3
4

1
2

;                 𝑑.   

7
10 +

1
3

7
10 +

1
2

;                 𝑒.
2 −

1
2 −

1
4

2

2 +

1
2 −

1
4

2

 

𝑓.

1
2 −

1
6

2
;               𝑔.  

9
16

3
4 −

3
8

;                  ℎ.  

5
6 −

2
3

1
3

;                 𝑖.   

1
2 +

1
6

1
2 −

1
6 

;                 𝑗.  

17
14 −

5
7

11
21 +

1
7

 

8. A number was decreased by 
3

10
 of itself, and the result was 210. Find the number. 

 

9. A number was increased by 
1

7
 of itself, and the result was 56. What is the number? 

 

10. Evaluate (answer is 
9

11
): 

3
5

11 ∙ 6
3
4

3
5

11 ∙ 6
3
4 + 3

5
11 ∙ 1

1
2

 

11. Evaluate (answer is 
25

39
): 

 



(
1
6 +

1
10 +

1
15

) : (
1
6 +

1
30)

(
1
6 +

1
4 −

1
5

) : (
1
4 −

1
6)

 

  

12. Are these two expressions equivalent? 

1 −
1

5
:
1

5
      𝑎𝑛𝑑     

1 −
1
5

1
5

 

Evaluate both expressions. 

13. Into how many equal 
1

5
 kilogram portions 5 kg cake can be divided? 

14. The area of a rectangle is 
5

7
 𝑚2. One side of this rectangle is 

3

4
 𝑚. What is the length of the other 

side? 

15. Julia and Mary ate all the Halloween candy. Mary claimed that she ate 
2

3
 of the candies, and Julia 

said that she ate 
3

5
. Their parents think that something is wrong. Are they right? 

16. What is the length of a segment if 

a. 
2

5
 of its length is 12 meters; 

b. 
3

4
 of its length is 9 centimeters; 

c. 
3

5
 of its length is 15 millimeters. 

d. 
2

7
 of its length is 8 meters. 

 


