
April 6, 2025         Math 8 
Handout 25. Number theory 4: Congruences. Modular arithmetic.  

Recap: Corollaries of Euclid’s algorithm  

As a corollary of Euclid’s algorithm, we have proven the following result: 

Theorem 8. An integer 𝑛 can be written in the form 

𝑛 = 𝑥𝑎 + 𝑦𝑏 

for some 𝑥, 𝑦 ∈ ℤ if and only if 𝑛 is a multiple of 𝑑 = 𝑔𝑐𝑑(𝑎, 𝑏).  

For example, if 𝑎 =  18 and 𝑏 =  33, then the numbers that can be written in the form 18𝑥 + 33𝑦 

are exactly the multiples of 3. To find the values of 𝑥, 𝑦, one can use Euclid’s algorithm; for small 𝑎, 

𝑏, one can just use guess-and-check.  

Congruences 

In many situations, we are mostly interested in remainder upon division of different numbers by 

same integer 𝑛. For example, in questions related to the last digit of a number 𝑘, we are really 

looking at remainder upon division of 𝑘 by 10. 

This motivates the following definition: we will write 

𝑎 ≡ 𝑏 mod 𝑚 

(reads: 𝑎 is congruent to 𝑏 modulo 𝑚) if 𝑎, 𝑏 have the same remainder upon division by 𝑚 (or, 

equivalently, if 𝑎 − 𝑏 is a multiple of 𝑚). 

Theorem 11. Congruences can be added and multiplied in the same way as equalities:  

∀{𝑎, 𝑎′, 𝑏, 𝑏′, 𝑚} ∈ ℤ: {𝑎 ≡ 𝑎′ mod 𝑚
𝑏 ≡ 𝑏′ mod 𝑚

 
⇒ {𝑎 + 𝑏 ≡ 𝑎′ + 𝑏′ mod 𝑚

𝑎𝑏 ≡ 𝑎′𝑏′ mod 𝑚
 

Proof. Proof is left as a homework exercise. ◻  

Corollary. Multiplying recurrently 𝑎 ≡ 𝑏 mod 𝑚 with itself, we obtain ∀𝑛 ∈ ℕ 

𝑎 ≡ 𝑏 mod 𝑚
 

⇒ 𝑎𝑛 ≡ 𝑏𝑛 mod 𝑚 

Example 1.  2 ≡ 9 ≡ 23 ≡ −5 ≡ −12 mod 7 

Example 2.  10 ≡ 100 ≡ 28 ≡ −8 ≡ 1 mod 9 

Note: we will occasionally write 𝑎 mod 𝑚 for a remainder of 𝑎 upon division by 𝑚. 

Example 3. Since 23 ≡ 2 mod 7, we have 

233 ≡ 23 ≡ 8 ≡ 1 𝑚𝑜𝑑 7 



Example 4. Since 10 ≡ 1 mod 9, we have 

104 ≡ 14 ≡ 1 𝑚𝑜𝑑 9 

One important difference is that in general, one cannot divide both sides of a modular congruence 

by a number. For example, 5𝑎 ≡ 0 mod 𝑚 does not necessarily mean that 𝑎 ≡ 0 mod 𝑚 (see 

problem 3b below).  

Exercise. Under which circumstances can a multiplication in a modular congruence be divided out: 

𝑎𝑏 ≡ 𝑐 mod 𝑚
 

⇒ 𝑎 ≡ (
𝑐

𝑏
) mod 𝑚 ? 

  



Homework problems 

1.   

a. Use  10 ≡ −1 mod 11 to compute 100 mod 11; 100,000,000 mod 11. Can you derive 
the general formula for 10𝑛 𝑚𝑜𝑑 11?  

b. Without doing long division, compute 1375400 mod 11. [Hint: 1375400 = 106 + 3 ∙
105 + 7 ∙ 104 … ] 

2.   
a. Compute remainders modulo 12 of 5, 52, 53, … . Find the pattern and use it to compute 

51000 mod 12 
b. Prove that for any 𝑎, 𝑚, the following sequence of remainders mod 𝑚: 𝑎 mod 𝑚, 

𝑎2 mod 𝑚, . . . , sooner or later starts repeating periodically (we will find the period 
later). [Hint: have you heard of pigeonhole principle?] 

c. Find the last digit of 72024 
3.  For of the following equations, find at least one integer solution (if exists; if not, explain why) 

[Hint: 5𝑥 ≡ 1 𝑚𝑜𝑑 19 is the same as 5𝑥 = 1 + 19𝑦 for some integer 𝑦.] 
a. 5𝑥 ≡ 1 mod 19 
b. 9𝑥 ≡ 1 mod 24 
c. 9𝑥 ≡ 6 mod 24 
d. Give an example of 𝑎, 𝑚 such that 5𝑎 ≡ 0 mod 𝑚 but 𝑎 ≢ 0 mod 𝑚 

4. Show that the equation 𝑎𝑥 ≡ 1 mod 𝑚 has a solution if and only if 𝑔𝑐𝑑(𝑎, 𝑚) = 1. Such an 𝑥 is 
called the inverse of 𝑎 modulo 𝑚. [Hint: use Euclid’s algorithm, linear combination of 𝑎, 𝑚 equal 
to 1, and proof by contradiction]. Find the following inverses 

a. inverse of 2 mod 5 
b. inverse of 5 mod 7 
c. inverse of 7 mod 11 
d. Inverse of 11 mod 41 

5.   
a. Find 𝑔𝑐𝑑(48,39) 
b. Solve 48𝑥 + 39𝑦 = 3 
c. Find inverse of 39 mod 48. 

6.   
a. Integers 𝑎, 𝑏 are such that 𝑎2 + 𝑏2  is divisible by 3. Show that then 𝑎2 + 𝑏2 is divisible 

by 9. 
b. Integers 𝑎, 𝑏 are such that 𝑎2 + 𝑏2  is divisible by 21. Show that then 𝑎2 + 𝑏2 is divisible 

by 441. 
7. * Prove that no positive integer solutions exist for the following equations. 

a. 𝑥3 = 𝑥 + 10𝑛 [Hint: see if you can prove that 𝑥3 ≡ 𝑥 𝑚𝑜𝑑 3] 
b. 𝑥3 + 𝑦3 = 𝑥 + 𝑦 + 10𝑛  

8. * For a positive number 𝑛, let 𝜎(𝑛) (this is Greek letter “sigma”) be the sum of all divisors of 𝑛 
(including 1 and 𝑛 itself). Compute: 

a. 𝜎(10) 
b. 𝜎(77) 
c. 𝜎(𝑝𝑎), where 𝑝 is prime (the answer, of course, depends on 𝑝, 𝑎) 
d. 𝜎(𝑝𝑎𝑞𝑏), where 𝑝, 𝑞 are different primes 
e. 𝜎(10000) 
f. 𝜎(𝑝1

𝑎1𝑝2
𝑎2 … 𝑝𝑘

𝑎𝑘), where 𝑝𝑖  are distinct primes. 

 


