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In many problems, the problem is greatly simplified if you notice that there is some quantity which doesn’t
change when you do all operations allowed by the problem. Such a quantity is called an invariant. This
is commonly used to prove that some configuration is impossible to achieve: if you find an invariant such
that the value of this invariant for two configurations is different, then it is impossible to get one of these
configurations from the other by using operations which do not change the invariant.

1. 16 coins are placed on the table. 7 of them are heads up, the rest, tails up.
You are allowed to flip any two coins. By repeating this operation, can you make all coins be tails

up?

2. 6 numbers are placed in the vertices of a regular hexagon. At each turn, you are allowed to add 1 to
two numbers at adjacent vertices.

If initial collection of numbers was 1,0,1,0,0,0, can you make them all equal?

3. You have the standard 8× 8 chessboard. You are allowed to switch the color of all the squares in one
row or one column. Is it possible to achieve, by repeating such operations many times, that all but
one squares are black?

4. The circle is divided into 6 sectors. In each of the sectors there is one coin. You are allowed to move
exactly two coins in opposite directions: one to the next sector clockwise, the other to the next sector
counterclockwise. Is it possible to move all coins into the same sector by repeating this operation?

5. The following sequence of numbers is written on the blackboard:

1, 1/2, 1/3, . . . , 1/2024

Every second, a student chooses two numbers on the board, a and b, erases them and writes instead a
single number a+b+ab. After 2023 such operations, there will be a single number on the blackboard.

What is this number?

6. We are given n red dots and n black dots on the plane, no three of them on the same line. Prove that
then, one can connect them by n non-intersecting segments, each connecting a red dot with a black
one. [Hint: consider all ways of connecting red and black dots in pairs; for each such connection,
consider the total lenght of all segments. Show that if two segments intersect, then one can replace
them by another pair to reduce the total length. ]

7. We have an n × n board , divided by horizontal and vertical lines into 1 × 1 squares. Each of these
1 × 1 squares is colored either black or white, and all squares along the boundary of the board are
black.

Let us call an edge between two squares bicolored if it separates a black cell from a white cell.
Prove that the total number of bicolored edges is even.

8. A 100×100 yard field of wheat is divided into 1 yd × 1 yd squares. Initially, 9 of these squares were
infected by some crop disease. The disease spreads as follows: for every square, if in the given year
at least 2 of its 4 neighbors were infected, then next year the infection spreads to this square. (The
squares that were infected stay infected forever). Prove that the disease will never spread to the
whole field.



*9. Let P be a polygon drawn on square ruled paper, so that all vertices of the polygon are the grid
points. For such a polygon P , let S(P ) be a number defined as follows:

S(P ) = #(grid points inside P ) + 1
2#(grid points on the boundary of P ) − 1.

(a) Prove that if we cut a polygon by a segment, connecting two grid points on the boundary of the
original polygon, into two polygons P1, P2, then S(P ) = S(P1) + S(P2).

(b) Prove that for a rectangle whose sides follow the grid lines, we have S(P ) = area ofP .
(c) Prove that the same is true for a right triangle whose two legs follow the grid lines.
(d) Prove that the same is true for any triangle.
(e) Prove that this is true for any polygon.

(This result is called Pick’s formula).


