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EQUIVALENCE RELATIONS

A relation ~ on a set A is called:

o reflexive if for any a € A, we have a ~ a

e symmetric if for any a,b € A, we havea ~b =— b~a

e transitive if for any a,b,c € A, we havea ~band b~¢c = a~c
A relation is called an equivalence relation if it is reflexive, symmetric, and transitive.
Given an equivalence relation on A, we can define, for every a € A, its equivalence class [a] as the following

subset of A:
[a] ={r € A|x~a}

HOMEWORK

1. For each of the following relations, check whether it is an equivalence relation.
a) On the set of all lines in the plane: relation of being parallel

) On the set of all lines in the plane: relation of being perpendicular

) On R: relation given by x ~y if x +y € Z

d) On R: relation given by x ~y if z —y € Z

) On R: relation given by x ~y if z >y

2. Let ~ be an equivalence relation on A.

(a) Prove that if a ~ b, then [a] = [b]: for any =z,

x € la] <= z€b]

(b) Prove that if a % b, then [a] N [b] = @.
3. Let f: A — B be a function. Define a relation on A by a ~ b if f(a) = f(b). Prove that it is an

equivalence relation.
4. Fix a positive integer number n and define relation = on Z by

a=0bif a — b is a multiple of n

(a) Prove that it is an equivalence relation.
(b) Describe equivalence class [0].
(c) Prove that equivalence class of [a + b] only depends on equivalence classes of a,b, that is, if
[a] = ('], [8] = [¥], then [a +b] = [’ + b/,
5. Define a relation ~ on R? = R x R by (21,%2) ~ (y1,¥2) if 1 + 22 = y1 + y2. Prove that it is an
equivalence relation and describe the equivalence class of (1,2).
6. Consider the set A = {(a,b) | a,b € Z,b # 0}. Define a relation by
(al, bl) ~ (ag, bg) if a1b2 = CLle
Prove that it is an equivalence relation.
Hint:
a1by = agby <= % = %

*7. Consider the set A = R? — {(0,0)} (coordinate plane with the origin removed). Define a relation ~
on A by
(z1,22) ~ (y1,y2) if there exists ¢t > 0 such that x; = ty1, z2 = tys
(a) Prove that it is an equivalnce relation.
(b) Describe the equivalence class of (1,2).



