
Homework for January 24, 2021.  

Geometry. 

Review the previous classwork notes on the method of coordinates. No 

new geometry problems: please try solving the unsolved problems from 

the last homework, which are repeated below. 

Problems. 

1. Review the solution of the radical axis of two circles problem: find the 
locus of points whose powers with respect to two non-concentric circles 
are equal. Consider situation when circles are concentric.  

2. Complete the following exercises from class. Find the locus of points 
satisfying each of the following equations or inequalities (graph it on a 
coordinate plane).  

a. |𝑥|  =  |𝑦| 

b. |𝑥| + 𝑥 =  |𝑦| + 𝑦  

c. |𝑥|/𝑥 =  |𝑦|/𝑦 

d. [𝑦]  =  [𝑥]  

e. {𝑦}  =  {𝑥}  

f. 𝑥2 – 𝑦2  ≥  0  

g. 𝑥2 + 𝑦2 ≤ 1 

h. 𝑥2  +  8𝑥 =  9 − 𝑦2 
3. Describe the locus of all points (𝑥, 𝑦) equidistant to the 𝑋-axis (i. e. the line 

𝑦 =  0) and a given point 𝑃 (0,2) on the 𝑌-axis. Write the formula relating 

𝑦 and 𝑥 for these points.  

4.  (Skanavi 15.105) Find the (𝑥, 𝑦) coordinates of the vertex 𝐶 of an 

equilateral triangle 𝐴𝐵𝐶 if 𝐴 and 𝐵 have coordinates 𝐴(1,3) and 𝐵(3,1), 

respectively. 



5.  (Skanavi 15.106) Find the (𝑥, 𝑦) coordinates of the vertices 𝐶 and 𝐷 of a 

square 𝐴𝐵𝐶𝐷 if 𝐴 and 𝐵 have coordinates 𝐴(2,1) and 𝐵(4,0), respectively.  

6. *Prove that the length of the bisector segment 𝐵𝐵′ of the angle ∠𝐵 of a 

triangle 𝐴𝐵𝐶 satisfies |𝐵𝐵′|2  =  |𝐴𝐵||𝐵𝐶| − |𝐴𝐵′||𝐵′𝐶|. 

7. **Prove the following Ptolemy’s inequality. Given a quadrilateral 𝐴𝐵𝐶𝐷,  

|𝐴𝐶| ∙ |𝐵𝐷| ≤ |𝐴𝐵| ∙ |𝐶𝐷| + |𝐵𝐶| ∙ |𝐴𝐷| 

Where the equality occurs if 𝐴𝐵𝐶𝐷 is inscribable in a circle. 

 

Algebra. 

Review the (previous) Algebra classwork handout on equivalence and 
partitions. Review and solve the classwork exercises which were not 
solved. Solve the following problems (these are repeated from the previous 
homework – you may skip those you have already solved).  

1. Present examples of binary relations that are, and that are not 
equivalence relations.  

2. For each of the following relations, check whether it is an equivalence 
relation and describe all equivalence classes. 

a. On ℝ: relation given by 𝑥 ∼  𝑦 if |𝑥 |=|𝑦| 
b. On ℤ: relation given by 𝑎 ∼  𝑏 if 𝑎 ≡ 𝑏 𝑚𝑜𝑑 5 
c. On ℝ2 = ℝ × ℝ , (𝑥1, 𝑥2)~(𝑦1, 𝑦2) if 𝑥1 + 𝑥2 = 𝑦1 + 𝑦2; describe 

the equivalence class of (1, 2) 
d. Let ∼ be the relation on the set of all directed segments in the 

plane defined by 𝐴 𝐵⃗⃗ ⃗⃗ ⃗⃗  ~𝐴′ 𝐵′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ if 𝐴𝐵𝐵′𝐴′ is a parallelogram.  
e. On the set of pairs of integers, {(𝑎, 𝑏), 𝑎, 𝑏 ∈ ℤ, 𝑏 ≠ 0}, (𝑎1, 𝑏1) ∼

 (𝑎2, 𝑏2) if 𝑎1𝑏2 = 𝑎2𝑏1. Describe these equivalence classes. Is the 
set of the obtained equivalence classes countable?  

3. Let 𝑓: 𝑋 
𝑓
→  𝑌 be a function. Define a relation on 𝑋 by 𝑥1  ∼  𝑥2 if 

𝑓 (𝑥1) = 𝑓 (𝑥2). Prove that it is an equivalence relation. Describe the 
equivalence classes for the equivalences defined by the following 
functions on ℝ.  

a. 𝑓 (𝑥) = 𝑥2: 𝑥 ∼  𝑦 if 𝑥2 = 𝑦2. 
b. 𝑓 (𝑥) = sin 𝑥: 𝑥 ∼  𝑦 if sin 𝑥 = sin 𝑦.  

4. Find the following sum. What is the smallest value of this sum for 𝑥 ∈ ℝ? 
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5. The lengths of the sides of a triangle are three consecutive terms of the 
geometric series. Is the common ratio of this series, 𝑞, larger or smaller 
than 2? What is this ratio? What can you say about this triangle?  

6. Solve the following equation,  
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= 3, where 𝑥 is a positive integer.  

7. Find the following sum, 
a. 1 + 2 ∙ 3 + 3 ∙ 7 + ⋯+ 𝑛 ∙ (2𝑛 − 1) 
b. 1 ∙ 3 + 3 ∙ 9 + 5 ∙ 27 + ⋯+ (2𝑛 − 1) ∙ 3𝑛 

8. What is the minimum value of the expression, (1 + 𝑥)36 + (1 − 𝑥)36 in 
the interval |𝑥| ≤ 1?  

 

 


