MATH 7: HANDOUT 14
GENERALIZED VIETA FORMULAS.

VIETA FORMULAS

Last time we looked at Vieta formulas for quadratic equations. That is, if 1, x5 are roots of quadratic polynomial
az? + bz + ¢, then

a

xr1 + Zo

1Ty = —
a
In addition to quadratic equations, we can also look at other types of equations:

e Cubic equations: These are the equations with the 3rd power terms (z%), generally we can write them as

ar® + b’ +cx+d=0

¢ 4-th power equations: These are the equations with the 4th power terms (2*), generally we can write them
as
azt +ba® + e’ +dr+e=0

e etc...

We are not going to study cubic and other equations of higher power now. It is suffice to say that there are
formulas for solving cubic equation (Cardanos Formula), and even formulas for solving equations of the 4th power
— but they are rarely used, and are pretty large. It can also be proven that equations of 5th power of higher do not
have a formula, and it is impossible to find a formula like that.

Interestingly, Vieta formulas can be generalized for an equation of any higher power. Similarly to what we did
for quadratic equations, if the equation of degree n

p(z) =ax™ +bx" 4 ca" 4 da" P - Fw
has n roots x1, xs, .. ., x, then one can write it as
p(z) =alr —z1)...(x —x,)
. Expanding the right hand side we obtain Vieta formulas:
TL+ Ty A, =L
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12 + 123+ -+ X253+ - =

c
a
T1T2X3 + T1T2T4 + -+ + T2XT3T4 + -+ - = 73

1T ... Tn = (—)%

That is, the sum of all roots is —g, the sum of all possible pairwise products of roots is ¢, etc., until we get to the
product of all roots being equal to * with an appropriate sign — notice, the signs they alternate.


https://en.wikipedia.org/wiki/Cubic_equation#Cardano's_formula

HOMEWORK

. Find the roots of the equation 422 — 2z — 1 = 0 WITHOUT using the formula for roots of quadratic equation.

That is, complete the square and use the difference of squares formula to factorize the polynomial.

. What is the sum of the roots of the equation 2® — 622 + 11z — 6 = 0? What is the product of those roots?

Can you guess the roots?

. Without solving the equation 322 — 5z + 1 = 0 find the arithmetic mean of its roots (that is %) and their

geometric mean (that is \/z773).
Without solving the equation x? — 12z + 19 = 0 find the value of the following expression:
1‘1(1 - 171) + 1’2(1 — zg).

. Find all numbers a such that sum of squares of the roots (2% + x3) of the equation 2 — az +a +7 = 0 is

equal to 10.

If 1, x5 are solution fo the quadratic equation x5 — 52 + a? — 2a + 1, where « is some number. Find the value
of a so that the product of solutions of the equation is minimal.

Solve the equation z* — 22 — 2 = 0.

8. Solve the equation (2% +2)? = 622 + 4. [Hint: Of course, you can just use the (a+b)? formula. Alternatively,

10.

*11.

one of the ways to solve it is to assume that t = 22 + 2. Then the equation can be rewritten as a quadratic
equation with ¢ as a variable.]

For a given a, what is the minimum of the value of the expression 22 — ax + 1? At what x that expression
has a minimum value?

In a right angle triangle, one leg is 4 inches shorter than the hypothenuse, and the other leg is 2 inches
shorter than the hypothenuse. Find the length of the hypothenuse.

Find all numbers p and ¢ such that the equation = + px + ¢ = 0 has solutions p and q.



