
BEYOND INFINITY 2: FUNCTIONS, ISOMORPHISM, WELL-ORDERED SETS, AXIOMS

JADE NINE

1. Functions

A function is a correspondence that assigns to each element of one set an element of another set.
Let’s say we have sets A and B. We say a function f from A to B is something that takes the elements of A as input

and produces elements of B as output. Functions are also sometimes called maps, and we say that for an element x ∈ A
and y ∈ B, if f takes in x and produces y, then f maps x to y. We write f : A→ B to mean f is a function from A to
B, and f(x) = y to mean that for an element x ∈ A and b ∈ Y , f maps x to y.

For f : A→ B, we say that A is the domain of f , and B is the range of f . Domain and range essentially indicate what
set the function is mapping from, and what set the function is mapping two. A function must have a valid mapping result
for any element of the domain, but there is no restriction on the range, a function can for example map all elements of
A to a single element of B (such a function is said to be a constant function).

Two functions are considered different if there is at least one element in the domain that they map to different elements
in the range. Two different functions can have the same mapping results on many different elements in the domain, but
still be different on one element. Conversely, two functions f : A→ B and g : A→ B are said to be the same function of
∀x ∈ A(f(x) = g(x)) is true; in this case we say the functions are equivalent as functions, and write f = g.

Lastly, the identity function is the function from a set to itself that maps all elements to themselves. For a set A, it is
written idA, so we have idA : A→ A and ∀x ∈ A(idA(x) = x)).

To recap, you have now learned the following new concepts:

• A function between sets
• A function maps elements in one set to elements in another set
• Domain of a function
• Range of a function
• Equivalent functions
• Identity function
• Notation: f : A→ B
• Notation: f(x) = y
• Notation: idA

Time to toss you something less familiar: remember that any collection of objects can be collected into a set, so we
can talk about a set of functions; for sets A and B, the set of all functions from A to B, written BA, is called the
exponentiation of B to the power A.

2. Isomorphism

An order embedding is a function f : P → Q whose domain and range are both posets that satisfies the following
property:

∀x, y ∈ P ((x < y) ⇐⇒ (f(x) < f(y)))

A composition of functions is the function you receive by performing one function and then another function. You can
think of it as a function that has a connecting flight/stopover instead of being a direct flight. Given f : A → B and
g : B → C, we write the composition as g ◦ f , so we have g ◦ f : A→ C.

Given f : A→ B and g : B → A, if g ◦ f = idA and f ◦ g = idB , then f and g are said to be inverse functions of each
other. In general, if we have a function f : A → B and there is a function g such that f and g are inverses, we say f is
invertible, and write g = f−1.

An invertible order embedding is called an order isomorphism. If, given posets P and Q, there exists an order isomor-
phism from P to Q, then P and Q are said to be isomorphic.

The concept of isomorphic posets is known as isomorphism (specifically order-isomorphism), and is the formal definition
of what it means for posets to have the “same shape”.
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3. Well-Ordered Sets

Given a poset P , if x is a lower bound of P , then we will write x << P .
Note that subsets of a poset are themselves posets; the order relation is the same as it is in the primary set, you just

have a smaller set. For example, 2 ↑ is a subset of N+.

A well-ordered set is a poset P that satisfies the following property:

∀S ⊂ P (∃x ∈ S(x << S))

In other words, every subset of P has a lower bound.
Well-ordered sets are the most important topic that we will discuss in this course, they form the backbone of a lot of

what we’ll be doing.
Here are three definitions, the first one is general and the next two are related to elements in a well-ordered set:

• Segment: a segment of an element x of a poset P is the set of all elements less than x, i.e. the set of all y ∈ P
such that y < x. Segments are typically written with an O, so O(x) is the segment of x. (Segments are also called
initial segments.)
• Successor: an element x of a well-ordered poset P is called a successor element if O(x) is a bounded poset.
• Limit: an element x of a well-ordered poset P is called a limit element if O(x) is not a bounded poset, or if O(x)

is the empty set.

Here is the first theorem of the class:

Theorem 1 (Omega). Any two well-ordered posets that are infinite and have only one limit element are isomorphic.
Such a poset is called ω.

One big theorem we will prove next week is the following:

Theorem 2 (Embedding Theorem). Given any two well-ordered posets P and Q, there exists an order-embedding from
P to Q or there exists an order-embedding from Q to P . If both order-embeddings exists (i.e. from P to Q and from Q
to P ), then P and Q are isomorphic.

4. Axioms

We will talk a lot about axioms, logical sentences, and the mathematical definition of a mathematical theory; to
introduce this, I provide you with our first important axioms.

From here forward, sets can be elements of other sets. In fact, from here forward the only elements of sets will
be other sets. Such sets are called set-theoretical sets. I will explain more how this makes sense.

Welcome to set theory.

Axiom 1 (Extensionality). Given sets x and y, we say x = y ⇐⇒ ∀a(a ∈ x ⇐⇒ a ∈ y).

Axiom 2 (Pairing). Given sets x and y, one can construct the set that has only x and y as elements. Such a set is
written as {x, y} or {y, x}.

Axiom 3 (Union). Given set x, one can construct the set y such that ∀a(a ∈ y ⇐⇒ ∃r ∈ x(a ∈ r)). The set y is called⋃
x, the “union of x”.

Here are the axioms described in words:

• Extensionality: sets are the same if and only if they have the same elements.
• Pairing: given any two sets, you can partner them together to form a new set. (Note that the two sets are allowed

to be the same set.)
• Union: given a set x (whose elements are sets), one can union together all the elements of x. The resulting set is

said to be the union of x, written
⋃
x.
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5. Poset Examples

I have not yet described how to interpret all of the following as set-theoretical sets (we’ll cover that next week).

Batch 1.

• 2 ↑ is the set {0, 1} with 0 < 1
• 2 ↓ is the set {0, 1} with 1 < 0
• 2· is the set {0, 1} with 0 and 1 incomparable
• N+ is the set N with the usual order relation.
• N× is the set N with the divisibility order relation, where x < y if x is a factor of y. (Note: we consider every

number to be a factor of 0, and 0 to be a factor of nothing but 0 itself. Also, 1 is a factor of every number.)
• Z+ is the set Z with the usual order relation.
• Q+ is the set Q with the usual order relation.
• Q+, “Q-bar plus”, is the set of all rational numbers between 0 and 1 (inclusive) with the usual order relation.

Batch 2. Here are some posets that each have 4 elements but have different order relations. They’re given as dot-and-
line diagrams.

4�, “4 Square”.
4 ‖, “4 in two lines”. 4⊗, “4 net”.

4Z, “4 zigzag”.

Batch 3.

• S2 is the set of all subsets of {0, 1} where a subset A is less than a subset B if A is a proper subset of B.
• S3 is the set of all subsets of {0, 1, 2} where a subset A is less than a subset B if A is a proper subset of B.
• Cube is a poset on 8 elements: take a cube and position it so that it is standing on one of its vertices. Then the

8 vertices are the elements of the poset, and any time two vertices are connected by an edge, the vertex at the
edge’s lower endpoint is less than the vertex at the edge’s higher endpoint.

• ℵ, pronounced “aleph”, is the set of all strings of letters ordered alphabetically. The strings of letters do not have
to be real words; it is still possible to order nonsense alphabetically. The strings do each have to contain a finite
number of letters, though.

• i, pronounced “bet”, is the set of all strings of letters ordered by substring: one string is less than another
if it is a substring of the other, or “fits inside” the other. For example, “pear”<“pearl”, “par”<“apparent”,
“sin”<“praising”, “meow”<“homeowner”, “bub”<“bubble”, etc. In any other case, the strings are incomparable:
“ant” is incomparable with “xyz”, “sunrise” is incomparable with “sunlight”, “pat” is incomparable with “part”,
etc.

Batch 4. I’ll actually introduce these next week, for now I’ll let the list sit here. Feel free to browse this batch but
don’t worry if you don’t know all the symbols and notation.

• Z− (pronounced “Z minus”) is the set of negative integers under the usual order relation.
• ZV is the set Z with the following order relation: given two integers x, y, we have x < y if x/y < 1 and xy > 0.

(Here x/y means x divided by y.)
• X is the set Z2 of ordered pairs of integers (x1, x2) with the following order relation: (x1, x2) < (y1, y2) if

(x1 < y1) ∧ (x2 < y2).
• Y is the set Z2 of ordered pairs of integers (x1, x2) with the following order relation: (x1, x2) < (y1, y2) if

(x1 < y1) ∨ (x1 = y1 ∧ x2 < y2).
• M is the set Q × Z of pairs of numbers (x1, x2) (where x1 is a rational number and x2 is an integer) with the

following order relation: (x1, x2) < (y1, y2) if (x1 < y1) ∨ (x1 = y1 ∧ x2 < y2).
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