October 20, 2024

Algebra.

Principle of Mathematical Induction (continued).

Newton’s binomial.

The Newton’s binomial is an expression representing the simplest n-th degree
factorized polynomial of two variables, B, (x,y) = (x + y)" in the form of the
polynomial summation (i.e. expanding the brackets),
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(x+ )" = Co0x™ + Clx™ 1y + CEx"2y2 + oo + CRx™VFyk 4.
Crtxy™t + CRy™ (1b)

Forn = 1,2,3, ..., these are familiar expressions,
x+y) =x+y,

(x +y)? = x% + 2xy + y?,

(x +y)3 = x3 + 3x%y + 3xy?+y53,

etc.

The Newton’s binomial formula could be established either by directly
expanding the brackets, or proven using the mathematical induction.

Exercise. Prove the Newton’s binomial using the mathematical induction.

Induction basis. For n = 1 the statement is a true equality, (x + y)! = Cx +
Ci{y. We can also easily prove that it holds for n = 2. Indeed, (x + y)? =
CIx? + Clxy + C2y>.

Induction hypothesis. Suppose the equality holds for some n € N, that is,



(x + )" = COx™ + Clx™ 1y + CEx™2y2 + oo + CEx™VHyk oo C1x ynt
+ Cly™

Induction step. We have to prove that it then also holds for the next integer,
n+1,

Ceb )™ = Cuaa ™+ Caa @™y + Cua®™7y7 4 e Cripa X1y +
-+ C X y + Cn_:-llyn+1

Proof. (x +y)"*" 1= (x +y)"(x+y) =

(COx™ + Crx™ 1y + C2x™2y2 + oo + ChxRyk 4o 4 C171x 11
+ iy )(x+y) =
ngn+1 _l_C%xny +C2 n— 1y2 +"'+Ck n—k+1yk + - +C7’Tll_1x2 yn—l
+ Clxy™ + COx™y + Crx™ 1y2 + C2x™2y3 4 .o 4 Clxn Rkt
+ .-+ Crrll—lx yn + Crrllyn+1

COx™L + (CL+ COx™y + (C2+ CHx™1y2 + oo + (CK + Cr1)xnFF1yk
+ -+ (CR+ I Dxy™ + Cr’}y"+1 =

C,?J:le":11+ Cloix™y + C2, x" ty2 + o+ CE  x™Ikyk b CI x y™ +
CTrll+1 y"

Where we have used the property of binomial coefficients, C¥ + Cf~1 = Ck, .
o]

Recap: Properties of binomial coefficients

Binomial coefficients are defined by

:k!(n.—k)!

Binomial coefficients have clear and important combinatorial meaning.

n
o There are (k) ways to choose kelements from a set of nelements.

« There are (n t ]Iz -1

repetitions are allowed.

) ways to choose kelements from a set of nif



o Thereare (n : k) strings containing kA ones and n zeros.

o There are (n K ) strings consisting of kones and n zeros such that no two
ones are adjacent.

They satisfy the following identities,

C§:%=Ck+65+1©(’£i})=(Z)+(ki1)
cra=cirate (") =00+ (1)
n n
2,4=2.()=2
k=0 k=0

Patterns in the Pascal triangle

1
1.1
1}‘1
1.3 3 1 i
1 46 4 1 i
1510 10 5 1

8 28 56 70 56 28 8 1

9 36 84 126126 84 36 9 1

10 45 120 210 252 210 120 45 10 1

ck=ckl+ck Fibonacci numbers (sum of the
“shallow” diagonals:

Exercise. Find the sum of the top n rows in the Pascal triangle,
m=o(Qieo G = 21 — 1,



Review of selected homework problems.

Problem 4. Using mathematical induction, prove that

a. Pn:2713=1k2=12+22+32+---+n2=w

Solution.

1-(1+1)+(2-1+1)

Basis: P;: Yi_ k?=1= .

Induction: P, = P,,q, where P 1: Yrt1k? =124+ 22+ 32 + -+ (n + 1)2
(n+1)(n+2)(2n+3)

6

Proof: Y1 k? =Y _ k?+ (n+1)? = RntDEHD | (4 1)2 =
(n+1) @2n+1)(2n?+7n+6) _ (n+1)(n+2)(2n+3)
(m@2n+1)+6n+6)= . = - )

where we used the induction hypothesis, P,, to replace the sum of the first n
terms with a formula given by PB,. &

2
b. P,: 22:1 kK3 =134234+334+...41n3 = [Tl(n2+1)]

Solution.

2
Basis: P;: Yi_ k3 =1= [1(1+1)]

2

Induction: P = Py, Where P Yt k3 =134+ 23433+ -+ (m+1)3 =
[(n+1)(n+2)]

2 2
Proof: Zn+1 k3 = n_ k3 + (n+ 1)3 _ [n(n2+1)] +(n+ 1)3 — [(n;rl)] (nz +

n+4) = [(n+1)2(n+2)]2

replace the sum of the first n terms with a formula given by B,. =

, where we used the induction hypothesis, P, to

1 n

. P Zk 1k2+k_B+_+_+ n-(n+1)_n+1



Solution.

1 1 1

k2+k 2 1+1

Basis: P;: Yi_4

n+1 1 _ n+1

k=1k24k ~ n+2

Induction: P, = P, 4, where P, ;:

Proof: $M+1_L_ — yn 1 1 "y 1 _ n?42n+1
e Hk= gy T HR=0g24 8 T () (n42) | ntl 0 (D (+2) | (m+D)((n+2)
n+1
n+2’

e. P;:vn, 3k, 5"+ 3 =4k
Solution.
Basis: P:n=1,3k5'+3=8=4k o k = 2
Induction: P, = P,,, where P, ,: ¥n,3q,5"*!1 + 3 = 4q
Proof: 5"*1 +3=5-5" 43 ="5-(4k —3)+ 3 =5-4k — 12 = 4- (5k — 3).

Where we used the induction hypothesis, P,, to replace 5™ with a formula,
5" = 4k — 3, given by P,. &

e. Ppvn=2,vx>-1, (1+x)"=>1+nx
Solution.
Basis: P,: Vx> —-1,n=2, (1+x)?=1+2x+x%2>1+2x

Induction: B, = Pp,,, where P, :Vn = 2,Vx > —1, (1+ )" > 1+
(n+ Dx

Proof: (14+x)"" ' =1+x)1+x)">21+x)A+nx)=1+"n+ Dx+
x2>1+(n+ x.o



