MATH 8B: HANDOUT 19 [MAR 9, 2025]
EUCLIDEAN GEOMETRY 9: CONSTRUCTIONS.

CONSTRUCTIONS WITH RULER AND COMPASS

Sometimes we need to construct a figure with specified sides, angles, or other geometric
features. Imagine staking the ground to mark the boundaries of foundation for a new
house. We would proceed in mostly the same manner as on paper, using line-of-sight and
thread instead of a straightedge and a ruler instead of a compass.

It is sufficient to know how to construct the following, using only a straightedge and a
compass:

e construct a segment equal to another

e construct an angle equal to another

e bisect an angle

e bisect a segment

e construct a line perpendicular to another
e construct a line parallel to another.

Let’s see how to do each of these elementary constructions (classwork).
We can refine the last two:

e construct a line perpendicular to a given line /, through a point P on /.
e construct a line perpendicular to a given line /, through a point P not on /.
e construct a line parallel to a gien line /, through a point P not on /.

Combining these elements, one can construct triangles, quadrilaterals, and other figures
based only on description and measures. However, this is only the first part of the solution;
proving that the figure constructed is unique is the second part. Sometimes the result is
not unique, so we have to construct all possible solutions.

To find all solutions, it is useful to think of sets of all points (commonly, a line, a line
segment, or a curve), whose location satisfies or is determined by one or more specified
conditions. Such a set is called a “locus” (plural “loci”). Recall the center of the circle
circumscribed around A ABC' it is the intersection of loci

e equidistant from vertices A and B (perp. bisector to side AB)
e equidistant from vertices A and C' (perp. bisector to side AC)
e equidistant from vertices B and C (perp. bisector to side BC)

Since all these loci have a common point, a solution exists; because it is a single point, the
solution is unique.
Other useful loci are

e bisector of angle ZABC : locus of points equidistant from lines (AB), (AC)

e line [ parallel to line a: locus of points at the same fixed distance from a, in the same
half-plane;

e circle A\(O, R): locus of points at distance R from a single point O;

e arc AB of circle A\(O, R): locus of points C' such that ZACB = 3 ZAOB.

Classwork: let’s see how to construct each of these.



HOMEWORK
. Consider the trapezoid with bases AD = a, BC = b. Let
M be the intersection point of diagonals, and let P be the
segment parallel to the bases through M.
(a) Show that point M divides each of diagonals in pro- p
portion a : b, e.g. AM : MC =a:b. M
(b) Show that points P, () divide sides of the trapezoid in

proportion a : b.

(c) Show that PQ = 3%_’; [Hint: compute PM, M@ sep- A “

arately and add.]
. In a AABC, with all angles acute, AD, BE, and CF

are altitudes. Find angles of ADEF'.

. Given a circle A with center A and a point B outside this B
circle, construct the tangent line [ from B to A using
straightedge and compass. How many solutions does
this problem have?
. Given a segment |[AB| = a and point D € [AB], con-
struct a right triangle ABC with hypotenuse |AB| = a
. D
and C'D being . . .
A a B

a) a bisector of the right angle ZACB

b) altitude from vertex C to side AB.
. Construct triangle AABC such that |AB| = a, ZABC =

a, and altitude from vertex C to side AB has length h.
Is there only one such triangle? b
Hint: point C' is at a fixed distance h from line (AB), o

and ZCBA = « is a fixed angle. Which loci do these two
conditions correspond to?

. Given two circles with centers O, O, and radiuses 71, 9
respectively, construct (using straightedge and com-

pass) a common tangent line to these circles. You can

assume that circles do not intersect:

0,05 > r| + ry and that r, > ;. Hint: assume that we
have such a tangent line, call it [. Then distance from that

line to O, is r1, and distance to Oy is . Thus, if we draw
a line I’ parallel to [ but going through O, the distance
from ' to Oy is...and thus [’ is tangent to . ..

. Describe how you would construct a triangle ABC with given side |BC| = a, acute
angle ZABC = « and

a) the sum of sides |[AB| + |[AC| =d > a

b) the difference of sides |AB| — |AC| =e < a
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