CHAPTER

7
TRIGONOMETRIC RATIOS CONTINUED

Trigonometric Functions
Definition
0

Function

Notation

Sine
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Cosine
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Tangent

tan(α)
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adjacent side

0
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Unit Circle

The unit circle is divided into four quadrants corresponding the the quadrants of the XOY coordinate system.
The angles are measured counterclockwise starting from the positive x-axis. Thus, in the first quadrant the
angles measure between 0 and 90 degrees, in the 2-nd quadrant between 90 and 180 degrees, in the 3-nd
quadrant between 180 and 270 degrees, in the 4-th quadrant between 270 and 360 degrees. We consider the
angles measured in the clockwise sense to be negative. When using the unit circle formulation (or looking
at trigonometric functions on the Cartesian Coordinate System) we usually use radian measure rather than
degree measurement. Radians are simply another unit for measuring the size of an angle. To convert from
degrees to radians and back use the circumference of a circle, 2πR. For the unit circle it becomes 2π. So
2π radians = 360 → π radians = 180
x degrees =

x
π radians and x radians = 180ẋ degrees
180

1

(a) Trigonometric Circle (b) Right Triangle

Correspondence : (x,y) points on the unit circle (cos(θ), sin(θ))
We take in the XOY Cartesian plane coordinate system the circle of radius 1, centered in the origin. We take
a P(x,y) on the circle in the first quadrant. Drawing its x-coordinate, and y-coordinate we can construct
a right-angled triangle with O at the origin. We will call θ the angle between the positive x axis and the
hypotenuse.
Recall that
(x, y) = (cos(θ), sin(θ))
By definition
cos(θ) =

7.2

x
opposite side
y
adjacent side
= → x = cos(θ), and sin(θ) =
= → y = sin(θ)
hypotenuse
1
hypotenuse
1

Trigonometric identities

The trigonometric identities are very useful whenever you are simplifying or solving trigonometric expressions,
or finding the measures of more angles. Most of the identities come directly from the Pythagorean Theorem,
and a little algebra.
First,
sin2 (θ) + cos2 (θ) = 1, for any angle θ
We just need to apply Pythagorean Th. in ∆OP Q : OP 2 = x2 + y 2 → 1 = cos2 (θ) + sin2 (θ)
The other elementary trigonometric identity is
tan(α) =

opposite side
opposite side
hypotenuse
sin(α)
=
×
=
adjacent side
hypotenuse
adjacent side
cos(α)

We also recall :
tan(α) = mOP , the tangent equals the slope of the hypotenuse OP
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7.3

The sine and the cosine from quadrant to quadrant

Let us take θ = 30, and the point P on the circle of coordinates (cos(30), sin(30)).
Let us move point P around the circle until it arrives in the second quadrant and
it makes an angle of 150
√
with the positive x-axis : sin(30) = sin(150) = 0.5 and cos(150) = − cos(30) = − 23 . Let us move the point
P around the circle until it arrives in the third quadrant and it makes an angle of 210 with
the positive
√
x-axis : sin(210) = − sin(150) = − sin(30) = −0.5 and cos(210) = cos(150) = − cos(30) = − 23 . Let us move
the point P around the circle until it arrives in the fourth quadrant and
it makes an angle of 330 with the
√
3
positive x-axis : sin(330) = − sin(30) = −0.5 and cos(330) = cos(30) = 2 .
In general, we need to find for any θ its the acute reference angle θ − 180 > 0, if θ > 180 or 180 − θ if θ < 180
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Source of drawings : The International Centre of Excellence for Education in Mathematics (ICE-EM),
Source of Trigonometric Tables : www.grc.nasa.gov, licensed under the Creative Commons AttributionNonCommercial-NoDerivs 3.0 Unported License http://creativecommons.org/licenses/by-nc-nd/3.0/
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7.4

Problems

1. Use the reference angle θ to determine sin(195), sin(210), cos(120).
[195 is in the 3-rd quadrant 195 ≥ 180 then 195-180=15 and sin(190) = − sin(15) = −.2528]
2. Using angles from all the four quadrants, write all the expressions equivalent to cos(120).
3. Use the reference angle θ to determine cos(−120).
[ cos(−120) = cos(−120 + 360) = cos(240) = − cos(240 − 180) = − cos 60 (240 is in the 3-rd quadrant)]
4. Write all the sine and cosine values equal to sin(180).
5. For which values from 0 to 360 is tan(θ) undefined ?
6. Draw on the trigonometric circle the angle 60 and find the coordinates of the point P (cos(60), sin(60)).
7. Draw on the trigonometric circle the angle 240 and find the coordinates of the point P (cos(240), sin(240)).
8. Evaluate the expressions sin2 (θ) + cos2 (θ) and sin2 (2θ) + cos2 (2θ)
9. Simplify the expression

cos2 (θ)
tan(θ)

10. Simplify the expression

1−sin2 (θ)
cos2 (θ)

11. Simplify the expression

sin(θ)
cos(θ)·tan(θ)

5

