MATH 5: HANDOUT 10
BINARY NUMBERS. n-ARY NUMBERS.
Today we talked more about binary numbers. We discussed arithmetic operations with binary numbers.
We also discussed that in computers, letters and other symbols are written as sequences of 0 and 1 (bits);
since there 2n such sequences of length n, and there are 26 letters in English alphabet, we need at least 5 bits
(25 = 32) for each English letter. If we want to have lower- and upper-case letters, punctuation, numbers,
accented letters such as é, we need more; in real life, people use 8 bits per symbol (called “byte”).
The correspondence between actual letters and their codes, i.e. sequences of 0 and 1, is called encoding.
The most common encoding (Latin 1, aka ISO 8859-1) is shown in the attached table. In this table, rows
correspond to the last 4 bits, and columns, to the first four bits. For example, lower case letter “a” has code
01100001.
We also touched on other bases. For example, in base 3, we only use digits 0, 1, 2, and they correspond
to powers of 3:
210213 = 2 · 81 + 1 · 27 + 0 · 9 + 2 · 3 + 1 · 1 = 25010
If the base is larger than 10, then in addition to digits 0 . . . 9 we use letters A, B, etc. For example, in
base 16, we use digits 1, . . . , 9 and letters A = 10, B = 11, C = 12, D = 13, E = 14, F = 15. The digits
correspond to powers of 16:
D4B16 = D · 256 + 4 · 16 + B · 1 = 13 · 256 + 4 · 16 + 11 · 1 = 340310
H OMEWORK
1. You have scales, a 1 gram weight and a large bag of sugar. What would be the fastest way to measure
exactly 8 grams of sugar? exactly 128 grams? exactly 100 grams?
2. What is the largest number that can be written as a 5-digit binary number? (Hint: what is the smallest
6-digit binary number?)
3. Is it possible to encode every letter of English alphabet by a 4-digit binary number? You can choose
any way you like — for example encoding A as 0000, B as 0001, or by any other method.
Would it be possible if we used 5-digit binary numbers?
4. A car has traveled 125 miles during some period. During the same period, another car, which is faster
by 10 mph, has traveled 150 miles. What is the speed of the faster car?
5. Do the following arithmetic operations with binary numbers. Try doing them without converting the
numbers to decimal form.
(a) 110101b + 111011b

(b) 10101b × 1011b

(c) (10101b + 1101b ) × 10110b

6. [Skip for now!] The following is a beginning of a computer file. Can you decode it (assuming it is
written in the standard, Latin 1, encoding)?
01010100 01101111 01110000 00100000 01110011 01100101 01100011 01110010 01100101 01110100 00001010
7. In order to allow computers to deal with different languages, computer scientists have developed socalled Unicode, a standard list of symbols covering virtually all human languages, from Armenian to
Vietnamese. In particular, it includes Latin letters, Cyrillic letters, Chinese characters (hanzi), Emoji,
and more.
The latest revision of Unicode contains about 96,000 symbols. If we want to represent each of
them by a sequence of 0 and 1, would it be enough to use 16 bits (0s and 1s) for each symbol? If
not, what is the smallest number of bits per symbol one would need?
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8. [Skip for now!] Perform calculation in the base 4:
(a) 333 × 2

(b) 1111 − 222

(c) 3231 − 1321

9. [Skip for now!] Perform calculation in the base 13:
(a) 9999 + 2222

(b) 1A2B3C + 999999

(c) 9C138 − 5A001

10. Fish head weighs as much as the tail and half of the body together. The body weighs as much head
and tail together, and the tail weighs 1 kg. How heavy is the fish?
11. You are given several coins, one of which is fake. The weight of the fake one is different from the
weight of the real ones, but it is not known whether it is heavier or lighter. Can you find whether the
fake one is heavier or lighter than the real one using two measurements with the scales (2 platforms,
no weights) if the total number of coins is:
(a) 100

(b) 99

(c) 98

You do not have to find which coin is the fake one.
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