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Recal from the last time: dot product of two vectors is defined byx1

y1
z1

 •

x2

y2
z2

 = x1x2 + y1y2 + z1z2

The dot product is symmetric (v•w = w•v), linear as function of v, w, and satisfies v•v = |v|2, or,
equivalently, |v| =

√
v•v. Moreover,

v•w = |v| · |w| cosϕ

where ϕ is the angle between vectors v, w (in particular, v•w = 0 if and only if v ⊥ w).
The last propertry is commonly used to find the angle between two vectors:

(1) cosϕ =
v•w

|v| · |w|

Equation of a line

Let us consider lines in the cordinate plane.

Theorem 1. The equation of the line which is perpendicular to vector n =

[
a
b

]
and goes through point

P = (x0, y0) is

a(x− x0) + b(y − y0) = 0

Conversely, if a line is given by equation ax + by = d, then it is perpendicular to vector n =

[
a
b

]
.

It gives us a way to compute the angle between two lines: it is equal to the angle between the perpendicular
vectors to these lines, which can be computed using dot product.

It also gives a way to compute a distance from a point P =

[
x
y

]
to

a line: if

[
x0

y0

]
is an arbitrary point on the line, then the distance

is equal to the length of the projection of vector v =

[
x− x0

y − y0

]
, on

the perpendicular to the line

distance = |v|| cosϕ| = |v
•n|
|n|

where n =

[
a
b

]
is perpendicular to the line.
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Equation of the plane

The results above can be repeated, with very little changes, to planes in 3d:

Theorem. The equation of the plane which is perpendicular to vector n =

ab
c

 and goes through point

P = (x0, y0, z0) is a

a(x− x0) + b(y − y0) + c(z − z0) = 0

Conversely, if a line is given by equation ax + by + cz = d, then it is perpendicular to vector n =

ab
c

.



It gives us a way to compute the angle between two planes: it is equal to the angle between the perpen-
dicular vectors to these planes, which can be computed using dot product.

It also gives a way to compute a distance from a point to a plane (see problem 5 below).

Homework

In all the problems where you are asked to find an angle, it is enough to find the cosine or sine of that
angle.

1. Compute the angle between two lines 2x + y = 2 and x + 2y = 0.

2. In the cube, find the angle between the diagonal of the cube and diagonal of a face (there are two
cases: when the two lines intersect and when they don’t. Consider both.)

3. Write the equation of the plane perpendicular to vector v = (1, 2, 1) and passing through the point
(1, 0, 0).

4. Find the angle between the plane x + y + z = 1 and the x-axis. [Hint: first find the angle between
the line and the perpendicular to the plane.]

5. (a) Prove that the distance from point A = (x1, y1) to the plane given by equation ax + by = d is

distance =
|ax1 + by1 − d|√

a2 + b2

(b) Write and prove similar result for the plane in 3d.

6. Find the distance from the origin to the plane x + y + z = 1.

7. Find the angle between planes 2x− y − 3z + 5 = 0 and x + y − 2 = 3.

8. (This problem was recently discussed in the Math club.)
Let A1, . . . , An be vertices of a regular n-gon inscribed in a circle of radius 1 with center at point

O. Prove that for a point P in the plane, the sum

|PA1|2 + |PA2|2 + · · ·+ |PAn|2

only depends on the distance d = |PO|.
9. Consider the cube ABCDEFGH (see figure)
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(a) If we introduce a coordinate system such that A is the origin, and edges of the cube go along
the coordinate axes, what is the equation of plane BED?
[Hint: it must be of the form ax + by + cz = d]

(b) Prove that this plane is perpendicular to the diagonal AG
(c) Find the distances between this plane and points A, G
(d) Find the angle between this plane and face ABCD
(e) Prove that the plane FHC is parallel to EBD. Find the distance between the two planes.


