October 29, 2023
Algebra.

Arithmetic and geometric mean inequality: Proof by induction.

The arithmetic mean of n numbers, {a,, a,, ..., a,, }, is, by definition,

1
An — a1+a2+ +an — = n al (1)

n n

The geometric mean of n non-negative numbers, {a,, = 0}, is, by definition,

Gp=1a, a; ..may = YL a4 (2)

Theorem. For any set of n non-negative numbers, the arithmetic mean is not
smaller than the geometric mean,

wzval-az-...-an (3)

The standard proof of this fact by mathematical induction is given below.

Induction basis. For n = 1 the statement is a true equality. We can also easily
prove that it holds for n = 2. Indeed, (a; + a,)* — 4a,a, = (a; —a,)*> =0

= aq + a, = 24/aqa,.

Induction hypothesis. Suppose the inequality holds for any set of n non-
negative numbers, {a,, a,, ..., a, }.

Induction step. We must prove that the inequality then also holds for any set
of n + 1 non-negative numbers, {a,, a,, ..., ap41}-

Proof. If a; = a, = --- = a,, = a, 44, then the equality, A4,,,; = G,, 1, obviously
holds. If not all numbers are equal, then there is the smallest (smaller than the
mean) and the largest (larger than the mean). Let these be a,,,; < 4,41, and
a, > A,+1- Consider new sequence of n non-negative numbers,

{ay,ay, ..., an_1, 0y + a1 — Apsq}- The arithmetic mean for these n numbers
is still equal to 4,41,

a1+a2+---+an_1+an+an+1—An+1 _ n+1 1

= Apyr — ;An+1 = Any1 (4)

n



Therefore, by induction hypothesis,

(Ans)" Zar-ay o apeg - (@n + anyr — Anye) (5)
A" 2 a0y @y (@ + g — Api1) *Ania (6)
Wherein, using a,,,; < 4,41 and a,, > A, 1, as assumed above, we get

(an - An+1)(An+1 - an+1) > 0,01, azap4g < (an +anyq — An+1)An+1» SO we
could substitute the last two terms in the product with a,, - a,. ., while

keeping the inequality. This completes the proof.

Review of selected homework problems.

1. Using mathematical induction, prove that Vn € N,
a Tpo(2k-1)2=12+32 452+ + (20— 12 =2,
b. n 1(2k)2 — 2 + 42 + 62 T (2n)2 _ 2n(2n+31)(n+1)
C. YR kP =13+2243"+ - +n3=(1+2+3++n)?
d. ;cl 1W1(2k+1) 1;+i5+—+ +W1(2n+1)<_

2=1mzﬁ+ﬁ+ﬁ+"'+m<§
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Solution of (f)

Basis: P; : izi E+ + 1>

1 1
Induction: P, = P,,,., where P, : Yant4 = — _—_ >1
AaauutU M in n+1» n+1 Zk—n+2 k n+2 n+3 4
1 1 1 1 1 1 3041
Proof: Y3ttt - =—+—+ -+ + + z
) Zkl—"“k ) n+2 ) n+3 3n+1 3n+21 3n+3 3n+4 = k= n+1k
3n+1
— > 1, because ) ;" = > 1 by induction assumption
3n+2 = 3n+3  3n+4 n+1l ’ Zk-"’fl k y p !

1 1 1 1 1 2 1 2n+2 2

and + + — zt—a— == T — >
3n42 | 3n+3 | 3n+a ndl +2 0 ontr nHl 3 (n+_)(n+_) n+1

1( 2n+2 2

- ( — —) > 0 (here we used the arithmetic-geometric mean inequality,

3\(n+1)2 n+1

\/(n+§) (n+§) S2n2+2 =n+1).
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2.  Prove by mathematical induction that for any natural number n,
a. 5™ 4+ 6™ — 1is divisible by 10
b. 9"*1 — 8n — 9 is divisible by 64

Solution of (b)

Basis: P;: 92 — 72 — 9 = 0 is divisible by 64

Induction: P, = P,,,, where P,,,: 3k € Z,9"*2 —8(n+ 1) — 9 = 64k

Proof: 9"*2 —8(n+1)—9=9-9""1 —8n — 17 = 9(9"*"! —8n —9) + 64n +
64 = 64kif P,;: 3k’ € Z,9"*! — 8n — 9 = 64k’

3. Problems on binomial coefficients, which are defined as,

k _ _ n _ n!
Ch =16 = () = sy
a. Prove that CZ,; + C?,j1 is a full square

b. Find n satisfying the following equation,
Crt+CR?+Cp >+ + 0 =1023
c. Prove that

Cq +2C5 +3C3 + -+ +nCy
n

2n—1

Solution of (b)

Crt + R+ P+ + 0 =G+ +C+ -+ =C+Cy +
CE+C3+-+CH0—1,50,C0+CL+C2+C3+--+Cl0=1024 =219,
which is satisfied for n = 10 thanks to the property of the binomial
coefficients,

CR+Cr+Ci+-+Cf++Cl=Q+D"=2"
Solution of (¢)

Cl+2C2+3C3+-+nClH
n

=Choqg + Chog + G + o+ T =271



