October 14, 2018

Geometry.

Generalized Pythagorean Theorem (continued).

Theorem 2. For three homologous segments, C
lugc, lcgp and Ly belonging to the similar
right triangles ABC, CBD and ACD, where
CD is the altitude of the triangle ABC drawn Lo
to its hypotenuse AB, the following holds, @ leeo

Uico + 1sp = Usc A D B

Proof. If we square the similarity relation for the homologous segments,

lcsD = lAbCD = lAfC, where a = |BC|, b = |AC| and ¢ = |AB| are the legs and the
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hypotenuse of the triangle ABC, we obtain, ‘;BZD = ‘;CZD = igc. Using the

. .. UGep+lE y
property of a proportion, we may then write, AingbCZBD = ‘Z’j’c wherefrom, by

Pythagorean theorem for the right triangle ABC, a® + b? = c¢?, we

immediately obtain 5. + l[25p = igc.

Theorem 1. If three similar polygons, P, Q and R with
areas Sp, Sy and Sg are constructed on legs a, b and
hypotenuse c, respectively, of a right triangle, then, Q

SP+SQ :SR

Proof. The areas of similar polygons on the sides of a
ot tri o SE €S &
right triangle satisfy S and S b7 or, 5

Sp So Sm .. .
a—’; = b—g = C—'; Using the property of a proportion, we

SP+SQ _ SR

may then write, iy = o2

wherefrom, using the



Pythagorean theorem for the right triangle ABC, a® + b? = ¢?, we
immediately obtain Sp + S, = Sk.

Selected problems on similar triangles.

Problem 1 (homework problem #4). In the isosceles
triangle ABC point D divides the side AC into segments
such that |[AD|: |CD| = 1: 2. If CH is the altitude of the
triangle and point O is the intersection of CH and BD,
find the ratio |OH| to |CH|.

Solution. First, let us perform a supplementary

construction by drawing the segment DE parallel to AB,
DE||AB, where point E belongs to the side CB, and point
F to DE and the altitude CH. Notice the similar triangles,

AOH~DOF, which implies, — 1081 _ 1oF1 . By Thales
|oH| ~ |AH|
theorem, AL M g p 1D E, and 121 = IPF1 E, SO thatM =
IDF| ~ |AD| |AD| 2 |OH| ~ |AH| 3 H|
IFOl+I0H] _ E. (CH| _ ICHIIFH] 3- 2= =5, becauseu 1+ — lCFl =1 +@
|OH]| 3 |0H|  |FH| |OH| 3 |FH| |FH]| IDA
Therefore, the sought ratio is, loA] _ :
ICH| 5
Problem 2 (homework problem #5). In a trapezoid ABCD D c

with the bases |AB| = a and |CD| = b, segment
MNparallel to the bases, MN||AB, connects the opposing M N
sides, M € [AD] and N € [BC]. MN also passes through

the intersection point O of the diagonals, AC and BD, as

shown in the Figure. Prove that |[MN| = Ziz A 'B

Solution. By Thales theorem applied to vertical angles AOB and DOC and

parallel lines AB and CD, [AM] _ 1BV _ 14Bl _ 2 . Consequently, — 14Dl
IMD| — INC| ~ |pC| ~ b IMD|
laM|+\MD] _ 2 = [BNI+INe] _ 1BC| Now, applying the same Thales theorem to
[MD| b INC| INC|
angles ADB and ACB and parallel lines MN and AB, we obtain, lln:;l llﬂjgll =
1 g lov _ Inci — 1 Hence IMO| | |ONI _ [MN| _ 2 2ab.

T and |[MN| =

%+1 |AB|  |BCl 241 ’|AB| = |AB|  |AB|



