MATH 7
HOMEWORK 7: PASCAL’S TRIANGLE
NOV. 4 , 2018

PAscAL’S TRIANGLE

PROBLEMS

Today we discussed the following problem:

How many ways are there to go from the bottom left corner of the chessboard to the upper right, moving
always only to the right and up?

This lead us to the following table (we only show part of it):

1 |6 [21]56 126252
1 15 |15|35]|70] 124
1 |4 |10]20|35]|56
13 (6 |10]15]21
112 |3 |4 |5 |6
11 |1 |1 |1 |1

These numbers are called the binomial coefficients. They are usually usually written in a slightly different
way:

14 6 41

This triangle is called Pascal triangle. Every entry in it is obtained as the sum of two entries above it.
The k-th entry in n-th line is denoted by (Z), or by ,Ci. Note that both n and k are counted from 0, not

from 1: for example, @) =2.

1. Finish the chessboard problem: how many ways are there to go from lower left corner to upper right
corner?

2. Which of the numbers in Pascal triangle are even? Can you guess the pattern, and then carefully
explain why it works?

3. What is the sum of all entries in the nth row of Pascal triangle? Try computing first several answers
and then guess the general formula.

4. What is the alternating sum of all the numbers in nth row of Pascal triangle, i.e.
—2C1 4+ ,Cy —,,C3+ ...

5. Let us draw a figure consisting of n rows of circles as shown in the figure below (for n = 1,2, 3,4):

5 & B &

Let T,, be the number of circles in nth figure (for example, 73 = 1, 75 = 3, T35 = 6...). These
numbers are sometimes called the triangular numbers.
(a) What is the difference T, 41 — 1,7



(b) Show that the numbers T;, appear in the Pascal triangle as shown below

1
1 1

1 2 [1]
13 [3] 1
14 [6] 4 1

(that is, T}, = ,,41C5)

. A dinner in a restaurant consists of 3 courses: appetizer, main course, and dessert. There are 5
possible appetizers, 6 main courses and 3 desserts. How many possible dinners are there?

7. How many ways are there to seat 5 students in a class that has 5 desks? if there are 10 desks?

8. How many ways are there to select first, second and third prize winner if there are 14 athletes in a
competition?

. How many ways are there to put 8 rooks on a the chessboard so that no one attacks the others?



