
April 15, 2018        Math 9 

Geometry.  

Solving vector problems. 

Problem. In a pentagon      ,  ,  ,   and   are the midpoints of the sides 
  ,   ,   , and   , respectively.   and   are the 
midpoints of thus obtained segments    and    (see 
Figure). Show that the segment    is parallel to    and 
its length is ¼ of that of   ,             .  

Solution. Express          via sides of the pentagon, 
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Or,           
 

 
        , since                                               . 

Problem. Three equilateral triangles are erected 
externally on the sides of an arbitrary triangle    . 
Show that triangle        obtained by connecting the 
centers of these equilateral triangles is also an 
equilateral triangle (Napoleon’s triangle, see Figure). 

Solution. Denote |AB| = c, |BC| = a, |AC| = b.  Let us find 

the side       . Express      
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Note, that      
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   os  , where       . Then, 

     
            

 
 

 

 
          

 
      

           
 

 
 

 
          

 
      

           
 

 
 

 
                      

               
                          

                  
               

           , or, 

     
            

 
 

 

 
    

 

 
      

 

 
       os   

 

  
  sin   

 

 
   os   , 

     
            

 
 

 

 
   

 

 
   

 

 
   os   

 

  
  sin  .  

Now, using the Law of cosines,     os           , and the Law of sines, 

sin   
 

  
, where R is the radius of the circumcircle, we obtain      

            
 

 
 

 
   

 

 
   

 

 
   

   

    
 . Obviously, the same expression holds for the sides 

       and       . Hence, triangle        is equilateral.  

Problem. Let  ,   and   be angles of a triangle    .  

a. Prove that  os   os   os  
 

 
.  

b. *Prove that for any three numbers,  , , , 
    os      os      os     
      

Solution. Let vectors     ,    ,    be parallel to         ,          and 

        , respectively, as in the Figure. Then,  

(           )               os      os      os    

wherefrom immediately follows that,  

    os      os      os          .  

The statement in part (a) follows from the above for        .  
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Problem. Point  ’ divides the side    of the triangle     into two segments, 
    and    , whose lengths have the ratio                  . Express vector 

           via vectors          and         . Find the length of the Cevian   ’ if the sides of the 
triangle are         ,         , and         .  

Solution. It is clear from the Figure, that             
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Or, we can obtain the same result as  
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For the length of the segment   ’ we have,  
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 . Using the 

Law of cosines, we write     os             , and obtain the final 
result,  
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Or, equivalently, (   )               
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Substituting          , we obtain the Stewart’s theorem (Coxeter, Greitzer, 
exercise 4 on p. 6).  

If   ’ is a median, then                  , i.e.          , and we have, 
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   (  ’ is a median).  

If   ’ is a bisector,                  , i.e.      ,      , and we obtain 
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(  ’ is a bisector).  
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