
Section 6.5 The Law of Sines

To solve a triangle, we need to know certain information about its sides and angles. A triangle
is determined by three of its six parts (angles and sides) as long as at least one of these three
parts is a side.

So, the possibilities, illustrated in the Figures above, are as follows.

Case 1 One side and two angles (ASA or SAA)

Case 2 Two sides and the angle opposite one of those sides (SSA)

Case 3 Two sides and the included angle (SAS)

Case 4 Three sides (SSS)

Cases 1 and 2 are solved using the Law of Sines; Cases 3 and 4 require the Law of Cosines.

The Law of Sines

The Law of Sines says that in any triangle the lengths of the sides are proportional to the
sines of the corresponding opposite angles.

Proof: To see why the Law of Sines is true, refer to the Figure on
the right. By the formula in Section 6.3 the area of triangle ABC
is 1

2ab sin C. By the same formula the area of this triangle is also
1
2ac sin B and 1

2bc sin A. Thus,

1

2
bc sin A =

1

2
ac sin B =

1

2
ab sin C

Multiplying by 2/(abc) gives the Law of Sines. !

EXAMPLE: A satellite orbiting the earth passes directly overhead
at observation stations in Phoenix and Los Angeles, 340 mi apart.
At an instant when the satellite is between these two stations, its
angle of elevation is simultaneously observed to be 60◦ at Phoenix
and 75◦ at Los Angeles. How far is the satellite from Los Angeles?
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Section 6.6 The Law of Cosines

The Law of Sines cannot be used directly to solve triangles if we know two sides and the angle
between them or if we know all three sides (these are Cases 3 and 4 of the preceding section).
In these two cases, the Law of Cosines applies.

Proof: To prove the Law of Cosines, place triangle ABC so that ∠A is at the origin, as shown in
the Figure on the right. The coordinates of the vertices B and C are (c, 0) and (b cosA, b sinA),
respectively. Using the Distance Formula, we get

a2 = (c− b cosA)2 + (b sinA− 0)2

= c2 − 2bc cosA+ b2 cos2A+ b2 sin2 A

= c2 − 2bc cosA+ b2(cos2A+ sin2A)

= b2 + c2 − 2bc cosA

This proves the first formula. The other two formulas are obtained in the same way by placing
each of the other vertices of the triangle at the origin and repeating the preceding argument.
"

EXAMPLE: A tunnel is to be built through a mountain. To esti-
mate the length of the tunnel, a surveyor makes the measurements
shown in the Figure on the right. Use the surveyor’s data to ap-
proximate the length of the tunnel.

Solution: To approximate the length c of the tunnel, we use the
Law of Cosines:

c2 = a2 + b2 − 2ab cosC

= 2122 + 3882 − 2(212)(388) cos 82.4◦

≈ 173730.2367

c ≈
√
173730.2367 ≈ 416.8

Thus, the tunnel will be approximately 417 ft long.

EXAMPLE: The sides of a triangle are a = 5, b = 8, and c = 12. Find the angles of the triangle.
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